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DETERMINATION OF THE OPTLMLTM COMPOSITION 

AND PROGRAM OF TRAJECTORY MEASUREMENTS 

N. N. Kozlov 

ABSTRACT. The problem of s e l e c t i n g  t h e  e f f e c t i v e  
composi t ion and program of t r a j e c t o r y  measurements, 
whose e r r o r s  are random and independent ,  i s  d i scussed .  
The concept  of t h e  d e n s i t y  of measurements of a homo- 
geneous composi t ion ( c o n t r o l )  is i n t r o d u c e d ,  and t h e  
cor responding  v a r i a t i o n a l  problems are formula ted .  
A proof i s  p resen ted  f o r  t h e  theorem of a non- 
s i n g u l a r  s o l u t i o n  i n  t h e s e  problems, when t h e r e  are 
l i m i t a t i o n s  on t h e  d e n s i t y  and t h e  t o t a l  number of 
measurements. S i n g u l a r  s o l u t i o n s  are s t u d i e d .  

An a 1 g o r i t h m . i s  p re sen ted  f o r  f i n d i n g  t h e  
non-singular  s o l u t i o n ,  making i t  p o s s i b l e  t o  o b t a i n  
t h e  optimum composi t ions and measurement programs 
f o r  s p e c i f i c  problems. A s o l u t i o n  i s  p r e s e n t e d  
t o  t h e  problem of op t ima l  d i s t r i b u t i o n  of r a d i a l  
v e l o c i t y  measurements when de te rmin ing  t h e  o r b i t  of 
a n  a r t i f i c i a l  s a t e l l i t e  (AS) of Mars. 

INTRODUCTION 

The s t u d y  [l] p r e s e n t s  a n  a l g o r i t h m  f o r  de t e rmin ing  t h e  f o r e c a s t i n g  

accuracy  f o r  t h e  case when p rocess ing  is  done by t h e  maximum p r o b a b i l i t y  

method. It i s  found t h a t  t h i s  a l g o r i t h m  may be used i n  a b a l l i s t i c  f l i g h t  

f o r e c a s t  f o r  s e l e c t i n g  t h e  e f f e c t i v e  composi t ion and program of t r a j e c t o r y  

measurements. The p r e s e n t  a r t i c l e  i s  devoted t o  t h i s  problem. The formula- 

t i o n  and s o l u t i o n  of t h e  problem are p resen ted  below f o r  t h e  optimum s e l e c t i o n  

of t h e  composi t ion and program of measurements,  whose e r r o r s  are assumed t o  

b e  random and independent .  

E l fv ing [2 ]  made t h e  f i r s t  s t u d y  of t h i s  problem. I n  1962 h e  i n v e s t i g a t e d  

t h i s  problem f o r  t h e  case of two parameters  t o  b e  determined.  It w a s  assumed 



t h a t  an  a r b i t r a r i l y  l a r g e  number of measurements may b e  made a t  a p o i n t .  

g e n e r a l  theorem i n  a s i m i l a r  f o rmula t ion  of  t h e  problem w a s  proven i n  1969 

by Yermov [3] .  

The 

I n  c o n t r a s t  t o  t h e s e  s t u d i e s ,  t h i s  a r t ic le  c o n s i d e r s  t h e  fo l lowing  

f e a t u r e s  of  d i s c r e t e  t r a j e c t o r y  measurements: t h e  measurement m a s s  and t h e  

l i m i t a t i o n  on t h e  measurement rate. 

Cons ide ra t ion  of  t h e s e  c h a r a c t e r i s t i c s  l e a d s  t o  t h e  f a c t  t h a t  t h e  

extremum s o l u t i o n  h e r e  e s s e n t i a l l y  d i f f e r s  from t h e  s o l u t i o n  which cor responds  

t o  theElfving-Yermov theorem ( t h e s e  s o l u t i o n s  c o i n c i d e  a t  t h e  l i m i t ) .  

I n  a d d i t i o n  t o  t h e  proof  f o r  t h e  fundamental  theorems, t h i s  s tudy  

p r e s e n t s  a n  a l g o r i t h m  which can  b e  used t o  o b t a i n  t h e  optimum measurement 

composi t ion and program. 

Th i s  a l g o r i t h m  i s  v e r y  cumbersome, and i t  may o n l y  be  used f o r  c a l c u l a -  /6 
t i o n s  on a computer. 

A t  t h e  end of t h e  a r t ic le ,  we i n v e s t i g a t e  one example connected w i t h  

de te rmining  t h e  optimum measurement program of t h e  r a d i a l  v e l o c i t y  when 

de te rmin ing  t h e  o r b i t  of a n  a r t i f i c i a l  sa te l l i t e  of Mars. 

I. V a r i a t i o n a l  Problems on t h e  S e l e c t i o n  - . -  of- t h e  

Optimum Composition and Program of T r a i e c t o r y  Measurements 

L e t  u s  assume t h a t  a t  t h e  moment f,, ta, ..., fN measurements are made of 

a c e r t a i n  f u n c t i o n  y&)= zc'(t,~,,q',.. .&) 
motion of a s p a c e c r a f t .  Q,, Q', ... Qm. 

t o  de te rmine  t h e  parameters  of 

/7 

W e  s h a l l  assume t h a t  t h e  measurement e r r o r s  are random, and are s u b j e c t  

2 



to a multi-dimensional normal law of distribution, with zero mathematical 

expectation and known variance. Assuming that the variance of the 
measurements is constant in time and assuming that it equals unity, we 

obtain the correlational matrix of the trajectory parameters 111: 

K4 =J-' 
(1 1) 

where 

The quantities Jand K are symmetrical square matrices. 4 

In this case, the problem may be formulated in the following way. In 

the time interval [o, g] we may perform No measurements, whose errors are 
assumed to be random and independent. Let us distribute these measurements 

for [p, gJ in such a way that f f i  (dispersion of the parameter a/ ) is - 18 B N 
a minimum. 

Such a measurememt program may be called optimum. 

This problem (without limitations on the number of measurements at a 

point) for m= 2 was first investigated in [ 21. 

proven in [3 ] .  The Elfving-Yermovtheorem states that the number of optimum 
measurement subsets (i.e., points with different gradient vectors of the 

measured function with respect to the parameters being determined) does not 

exceed the number of parameters. 

The general theorem was 

A solution of this problem is given below for mass measurements when 

there is a limitation on the number of measurements per unit time. 

3 



L e t  u s  f o r m u l a t e  a cont inuous  ana log  of t h e  m a t r i x  e lements  f l  from 

(1.2). 

L e t  u s  assume y(f]= v(<g,, 4!, ... I;?.,,) zklQ,6), which i s  a c e r t a i n  a r b i t r a r y  

f u n c t i o n  t o  b e  measured, which is de termined  f o r  each  s e l e c t i o n  of t h e  

pa rame te r s  Q,, 
t h e r e  are i sochronous  d e r i v a t i v e s  which are cont inuous  i n  t: 

&?-. I n  a d d i t i o n ,  l e t  u s  assume t h a t  f o r  a l l  *€ [cv, g] 

With r e s p e c t  t o  m a t r i x  from (l.l), i t  is  assumed t h a t  i t  i s  s t a b l e .  

By s t a t i n g  t h a t  fQ i s  s t a b l e ,  we  mean t h a t  s m a l l  d e v i a t i o n s  of t h e  m a t r i x  

e lements  

r e c i p r o c a l  t o  / [ 4 ] .  

l e a d  t o  s m a l l  changes of t h e  m a t r i x  e lements  K4, which is  

L e t  u s  i n v e s t i g a t e  two f u n c t i o n s  &*(t)=Lilt/$'(d ( ',d - f i x e d )  

and/A/(tjfor IS; &I. According t o  d e f i n i t i o n ,  t h e  f u n c t i o n  A, It) g iven  above 

i s  a cont inuous  f u n c t i o n  t e  [Q# g]. 
duced as a c e r t a i n  cont inuous  ana log  of t h e  measurement number. Thus, t h e  

number of measurements e q u a l l i n g  N('f&) , performed i n  t h e  i n t e r v a l  [C?, z!, 1, 
corresponds  t o  any moment of measurement t i m e  f S  tr. 
measurements, t h e  f u n c t i o n  N(&) is  assumed t o  i n c r e a s e  monotonica l ly  ( i n  

a wide s e n s e ) .  Thus, i n  c o n t r a s t  t o  t h e  a c t u a l  number of measurements, t h e  

f u n c t i o n  /vTt-l assumes a l l  v a l u e s  i n  t h e  p e r m i s s i b l e  range  of v a r i a t i o n  

i n  t h e  number of  measurements [ O , N  3 .  It  is  a l s o  assumed t h a t  N( t )  
0 

86 [Q;g]has a l i m i t e d  change ( t h e  number of measurements is f i n i t e ) .  

The f u n c t i o n  /y(t) , fg9 &] i s  i n t r o -  

I n  t h e  i n t e r v a l s  between 

L e t  u s  d i v i d e  t h e  unknown i n t e r v a l  [Q, &]by t h e  p o i n t s  20, f,, ..., en as 

fo l lows :  6 =Q-= f, < & . . . =C f,, J / , and l e t  u s  examine t h e  f u n c t i o n  A, (~) 
and r / / t /  corresponding  t o  t h i s  d i v i s i o n .  

4 



L e t  u s  assume t h a t  y ( 6 ~ )  is  t h e  v a l u e  of M[f) f o r  t h e  moment of d i v i s i o n  

fz , and j$ ( 5 ~ )  i s  t h e  v a l u e  of j$'(f) a t  t h e  p o i n t  f = $2 , where Sz is  a 

c e r t a i n  p o i n t  i n  t h e  i n t e r v a l  [ez-,, tz]. L e t  us  set ~ - m O a : A ~ ,  , where 

A t r  ~*-&-,, (C=<2, ... n]. L e t  u s  c a l c u l a t e  t h e  sum 

and l e t  u s  i n v e s t i g a t e  i t s  l i m i t s ,  a s  t h e  number of p o i n t s  of d i v i d i n g  t h i s  

i n t e r v a l  LO, 81 approaches i n f i n i t y .  Th i s  l i m i t  always e x i s t s  (%$,.(?) i s  

t h e  S t i e l t j e s  i n t e g r a l  of t h e  f u n c t i o n  A, (f) w i t h  r e s p e c t  t o  t h e  f u n c t i o n  

cont inuous  in[a;//, and N(8) i.s a f u n c t i o n  having a f i n i t e  change) and i s  /10 

N(?)[51 : 
cg) Lm s, = f 4. (e) d ! ( L ) .  

D-B-C- (7 (1.5) 
0 -01 

I n  t h e  f u r t h e r  d i s c u s s i o n s ,  i t  w i l l  be  assumed t h a t  a lmost  f o r  a l l  

fa; 83 t h e r e  i s  a f i n i t e  d e r i v a t i v e  

and then  w e  a r r i v e  a t  t h e  Riemann i n t e g r a l  
b 

The f u n c t i o n U ( t ) ,  determined by (1.6) c h a r a c t e r i z e s  t h e  measurement i n t e n s i t y .  

I n  view of t h i s ,  we  s h a l l  c a l l  V(t/ , &E(q,&I t h e  measurement d e n s i t y .  

When t h e  i n d i c e s  ",de encompass a l l  v a l u e s  from 1 t o  my t h e  i n t e g r a l s  

(1.7) comprise t h e  m a t r i x  

5 



L e t  US assume t h a t  t h e  matrix of small p o s i t i v e  elements$=//$../, 2 ( d q  = <2, . . ~ 
is  g iven ,  and t h a t  t h e s e  q u a n t i t i e s  d e v i a t e  v e r y  l i t t l e  

from t h e  e lements  of t h e  i n v e r s e  ma t r ix .  Then t h e  measurements f o r  which 

U ( f /  , t e b ,  &]satisfy t h e  i n e q u a l i t y  

w i l l  b e  c a l l e d  quas i -cont inuous .  

L e t  u s  n o t e  t h a t  u[t) , f t ? [ 4 ~  &/ is  a c e r t a i n  smooth f u n c t i o n  showing 

t h e  change i n  t h e  s t e p  f u n c t i o n 2  LlN &$+,), where A< i s  t h e  number of 

measurements i n  t h e  i n t e r v a l d t i  . A f i  

It i s  a p p a r e n t  t h a t  t h i s  approximat ion  i s  always v a l i d  f o r  m a s s  

t r a j e c t o r y  measurements. W e  f i n d  from i n e q u a l i t y  (1.9) and t h e  sma l lnes s  

of t h e  e lements  of m a t r i x  6 t h a t  t h e  m a t r i x  e lements  

B = J” (1.10) 

d e v i a t e  v e r y  l i t t l e  from t h e  e lements  of t h e  m a t r i x  Kp from (1 .1) .  

The matrices J and B are symmetrical, i n  v i e w  of t h e  symmetry of t h e  

m a t r i c e s  and Ka. 

Below, w e  s h a l l  o n l y  s tudy  t h e  case of quas i -cont inuous  measurements. 

For t h e  g iven  f u n c t i o n  U(e) a f € [ L V ,  tf] i t  i s  assumed t h a t  t h e r e  i s  a known 

program of quas i -cont inuous  measurements of t h e  f u n c t i o n  ~ ( t , Q l , Q 2 , . ~ . , Q m ) ,  

i . e . ,  t h e  l o c a t i o n  and t h e  i n t e n s i t y  of t h e  measurements are known. 

Now l e t  u s  t u r n  t o  t h e  problem under  c o n s i d e r a t i o n .  An approximation 

of t h e  m a t r i x  3 by means of t h e  m a t r i x  ‘3 makes i t  p o s s i b l e  t o  reduce  t h e  

problem of f i n d i n g  t h e  optimum measurement p o i n t s  t o  t h e  problem of f i n d i n g  

a c e r t a i n  f i n i t e  func t ionU(s) ,  d €  fQ,g], i .e . ,  i t  i s  reduced t o  a non- 

6 
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classical  v a r i a t i o n a l  problem. 

L e t  u s  d i s c u s s  t h e  problem of f i n d i n g  t h e  optimum program of  quas i -  

cont inuous  measurements of homogeneous composi t ion.  

It is clear t h a t  any e lements  of t h e  matrix from (1.8) may be  regarded  

as a c e r t a i n  f u n c t i o n a l  of t h e  scalar func t ionU(t ) ,  t € [ W , 8 ] :  - I 1 2  

W e  s h a l l  c a l l  t h e  matrix J t h e  m a t r i x  f u n c t i o n a l  of u ( t ) :  

S ince  a l l  t h e  f u n c t i o n a l s  compr is ing  t h e  m a t r i x g [ y ( t / ] a r e  l i n e a r  f u n c t i o n a l s  

of u ( t ) ,  w e  s h a l l  c a l l  t h e  m a t r i x  T [ u ( t ) ]  a l i n e a r  s q u a r e  f u n c t i o n a l  of u ( t ) .  

The i n v e r s e  m a t r i x 2  f u(*)/l: 

(1.13) 

i s  a l s o  a m a t r i x  f u n c t i o n a l  of u ( t ) .  

The fo l lowing  theorem ho lds :  

Theorem 1. L e t  u s  assume t h a t  f,,(&-, . ..,L,(t/ are l i n e a r l y  independent  

and a n a l y t i c a l  f u n c t i o n s  f o r  [q>&/. In a d d i t i o n ,  l e t  us  assume 

k 
def//LZ(f/LJCt/dtB* 0, (2, =f= 91',..., m) 

0 

(1.14) 

7 
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L e t  u s  s tudy t h e  problem of determining t h e  scalar func t ion  u&t/--u& 
of t h e  minimizing f u n c t i o n a l  

(1.15) /13 
( K , n = 2 , 3  ,... m ; ~..=&2, ..., m) 

with  t h e  l i m i t a t i o n s  

where &, {(;j=@,..,-) are elements of the  l i n e a r  mat r ix  f u n c t i o n a l  ( 1 . 1 2 ) .  d 

L e t  u s  def ine  t h e  se t  ,E+ =f+[u(k)’ and E, = E- [o(t)J a s  follows: 

where 

(1.18) 

(1.19) 

The quantities&,, A,-+.., Bfm a r e  elements of t h e  f i r s t  row of matr ix  (1.13) 

f o r  t h e  controlr/(F), a n d 2  i s  s e l e c t e d  from t h e  condi t ion:  

Then t h e  minimizing func t ion  u “(e) i s  determined by t h e  following 

(1.21) 

8 



L e t  u s  i n v e s t i g a t e  c e r t a i n  condi t ions  of theorem 1. The l i m i t a t i o n  

(1.16) fol lows from t h e  d e f i n i t i o n  of the  scalar func t ion  U#.)Y $e/&, 83 ,  
according t o  which t h i s  func t ion  can n o t  be negat ive.  I n  a d d i t i o n ,  t h e  

number of measurements per  u n i t  t i m e  i s  always f i n i t e  (apparatus  l i m i t a t i o n ) .  

I n  view of (1.6),  l i m i t a t i o n  (1.17) is  a l i m i t a t i o n  on t h e  number of measure - 
ments. 

measurements which can b e  performed f o r  [Q'a g]. 
It i s  assumed t h a t  C, i s  less than C, (g-0) - t h e  maximum number of 

To prove theorem 1, w e  d e r i v e  t h e  f i r s t  v a r i a t i o n  of t h e  f u n c t i o n a l  

(1.15) and s tudy it. W e  should n o t e  t h a t  t h e  method of so lv ing  t h e  non- 

c l a s s i c a l  v a r i a t i o n a l  problems, which i s  based on t h i s  p r i n c i p l e , i s  used 

i n  s t u d i e s  [ 6 ,  71. 

L e t  us  f i r s t  in t roduce  c e r t a i n  d e f i n i t i o n s .  L e t  J f ~ / ( t / l  be t h e  matr ix  

func t iona l  of t h e  s c a l a r  func t ion  U&). 

matr ix  func t ion  i s  determined by t h e  following r e l a t i o n s h i p s  

Then t h e  f i r s t  v a r i a t i o n  of t h e  

i . e . ,  t h e  f i r s t  v a r i a t i o n s  of t h e  corresponding elements of t h e  mat r ix  

func t iona l  gfu(fl] are elements of t h e  matrixd)Jru(&)].  

It  i s  apparent t h a t  t h e  r u l e  governing t h e  v a r i a t i o n  of the  product o f  

t h e  matr ix  f u n c t i o n a l s  co inc ides  wi th  t h e  r u l e  governing t h e  v a r i a t i o n s  of 

t h e  product of t h e  f u n c t i o n a l s .  

4 .  Proof of Theorem 1. ______-____--_---- 

To f i n d  t h e  f i r s t  v a r i a t i o n  of t h e  f u n c t i o n a l  under cons idera t ion ,  we 

s h a l l  f i r s t  c a l c u l a t e  t h e  f i r s t  v a r i a t i o n B [ ~ ( t ) ] .  

i n v e r s e  matr ix ,  w e  have 

By d e f i n i t i o n  of t h e  

9 



,I 1.1, ,111 1,1111, I 1,1111, I, 111 I ,111 I. ..I 1 1 1  I I I., ..... -,-,,,-..,.. .,- ..-- ,.,, ........-.- 

where E is t h e  u n i t  matr ix .  The f i r s t  v a r i a t i o n  of t h i s  r e l a t i o n s h i p  i n  t h e  

v i c i n i t y  of a c e r t a i n  equat ion V&), 

JBY+ B 6 J =  0 (~-B[U&)], J=Jf4&)]). 
t h e  r i g h t  by t h e  m a t r i x g ,  we o b t a i n  

&E[Q,f]may b e  w r i t t e n  i n  t h e  form 

Mult iplying t h e  l a s t  expression on 

JB= - BdJB (1.22) 

L e t  u s  in t roduce  t h e  fol lowing mat r ix  f u n c t i o n  f o r  lo; 81 

Then t h e  f i r s t  v a r i a t i o n  of t h e  l i n e a r  mat r ix  f u n c t i o n a l  J may be w r i t t e n  

as fol lows 
t 

dY=JL (t)Ju(t/dt, 
e. 

and due t o  t h i s  (1.22) assumes t h e  fol lowing form 

C 

dl9 =-JBL(f/BOPU(tldt .  
Q 

(1.23) 

Below, f o r  purposes of convenience, w e  s h a l l  i n v e s t i g a t e  a func t iona l  

which i s  t h e  i n v e r s e  of t h e  unknown f u n c t i o n a l  

Taking i n t o  account (1.28), w e  f i n d :  /16 

L e t  us  introduce t h e  n o t a t i o n  

(1.25) 

(1.26) 

10 
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(1.28) 

L e t  u s  i n v e s t i g a t e  t h e  r e l a t i o n s h i p  (1.27) i n  t h e  v i c i n i t y  of a c e r t a i n  

i n t e r n a l  controll/(&) * E [ # ,  gl, which s a t i s f i e s  condi t ions  (1.17). The 

fol lowing holds:  

Lemma 1. L e t  us assume t h e  condi t ions of theorem 1 are s a t i s f i e d .  

Then any i n t e r n a l  c o n t r o l  can be "improved" . 

W e  s h a l l  prove t h i s  s ta tement .  

I n  v i e w  of l i m i t a t i o n  (1.17), v a r i a t i o n  du(t/ i n  (P,27) i s  not  f ree ,  

and i s  s u b j e c t  t o  t h e  following condi t ion  

(1.29) 

L e t  us f r e e  ourse lves  from Condition (1.29). To do t h t s ,  w e  represent  - 1 1 7  
t h e  v a r i a t i o n  6L/( f )  i n  t h e  fol lowing form 

whereSu"(&) i s  an a r b i t r a r y  v a r i a t i o n  ( v a r i a b l e ) ,  and Cl"R i s  a c e r t a i n  

cons tan t  (constant  v a r i a t i o n ) .  

A s p e c i f i c  cons tan t  $A i s  put  i n t o  correspondence w i t h  each a r b i t r a r y  

v a r i a t i o n  &/(fj. Thus, with allowance f o r  (1.30) Condition (1.29) y i e l d s  

11 



(1.31) 

With allowance f o r  t h e  l a t te r  r e l a t i o n s h i p s ,  (1.27) may be w r i t t e n  i n  

t h e  form 

I n  v i e w  of t h e  condi t ions  of theorem 1, t h e  inf luence  funct ion 

V(k) may equal zero only a t  a f i n i t e  number of po in ts .  

assumption (/(e) E o f o r  fO ,g ]  l e a d s  t o  t h e  fol lowing equat ion f o r  any c o n t r o l  

I n  a c t u a l i t y ,  t h e  

4 *&): 

(1 .33)  

r 
( t h e  q u a n t i t i e s  4,. . . , 
expresses  t h e  l i n e a r  dependence of t h e  func t ion  L,(t/.-( &(f- L2[dj... L-(t/l 
f o r  fo,&J. Thus, t h e  cons tan t  i n  (1.33) does n o t  equal zero i n  v i e w  of  

t h e  l i n e a r  independence of t h e  isochronous d e r i v a t i v e s  

are va lues  of (1.26) f o r  u=u"k), &€fQ, L?] , which 

* 
- 118 

However, Equation (1.33) c o n t r a d i c t s  i n e q u a l i t y  (1.14),  which i s  a 

necessary and s u f f i c i e n t  condi t ion  f o r  the  l i n e a r  independence of t h e  func t ion  

Lo(&), ... , L,(t) f o r  fa, &'J [ 8 ] .  

L,(t/for (a/] Equation (1.33) (Equation p(k)=,) can hold only a t  a f i n i t e  

number of po in ts .  

I n  view of t h e  a n a l y t i c  n a t u r e  of ~&(d, ..., 

Thus, i n  t h e  f i r s t  r e l a t i o n s h i p  (1.32) J'u'(~/ i s  a n  a r b i t r a r y  v a r i a t i o n ,  

and Condition fp(fj=o holds only f o r  a s e t  of measure zero f o r  a l l  equations 

4(f/ # f E f Q ~ 1 .  

L e t  us assume Ju'(thfl p(?) 9 f l > O  , Y-conSf t Then Cf@, =- @[-.This 

means t h a t  f o r  t h e  controlu&),&(lt), t h e  f u n c t i o n a l  w i l l  be  g r e a t e r  than f o r  

t h e  c o n t r o l  U(t5). 

12 



Since U(i5)is an  a r b i t r a r y  i n t e r n a l  c o n t r o l ,  any i n t e r n a l  c o n t r o l  may b e  

improved" ( in  t h e  sense of s a t i s f y i n g  Condition d+, 0 ) . 11 

Thus, Lemma 1 i s  proven. 

It fol lows from Lemma 1 t h a t  t h e  extremum is achieved a t  t h e  boundary 

permissible  region of controlw(&, s i n c e  any i n t e r n a l  c o n t r o l  can of t h e  

be "improved" ( i t  is  assumed t h a t  t h e  extremum of t h e  problem e x i s t s ) .  

TO cons t ruc t  t h e  extremum c o n t r o l ,  l e t  us i n v e s t i g a t e  t h e  f i r s t  v a r i a t i o n  

of t h e  func t iona l  of t h e  problem. I n  view of (1.17), t h e  f u n c t i o n a l  of t h e  

problem has t h e  form 

w h e r e 2  i s  a Lagrangian m u l t i p l i e r .  

i n  the  v i c i n i t y  of a c e r t a i n  boundary c o n t r o l  has  t h e  form 

The f i r s t  v a r i a t i o n  of t h i s  r e l a t i o n s h i p  /19 

(1.34) 

The Rayleigh c o n t r o l  uo($/ from (1 .21)  i s  an extremum, i . e . ,  f o r  E i n  the 

v i c i n i t y  ofu*(f/, according t o  ( 1 . 3 4 )  w e  h a v e a s f f .  I n  a c t u a l i t y  f o r  

w e  have&"(& 0,/7(tjt270, and f0rE-O - Q u o ( t j F 0  r(f+J co. It 

is  thus  assumed t h a t  f o r  t h e  v a r i a t i o n  ~ u " [ t /  t h e  Condition (1.29) holds .  

Any o ther  boundary c o n t r o l  i s  n o t  an  extremum. I n  a c t u a l i t y ,  if w e  have 

u7t)Uat: any s e c t i o n  f:, theno@ 70, t h a t  i s ,  Pft)>@ andorc((fj70. 

Theorem 1 i s  proven. 

Thus, t h e  extremum s o l u t i o n  of t h e  problem under Condition (1.14)  i s  

reached a t  boundary of t h e  permiss ib le  c o n t r o l  region u ( t ) .  The t o t a l  

d u r a t i o n  of t h e  optimum measurement per iods  i s  determined by t h e  cons tan t  

13 



$$[see (1.20)]. The q u a n t i t y  c, in f luences  t h e  var iance  of t h e  parameters 

being determined, which decreases  w i t h  an  i n c r e a s e  i n  C,. 

I f  a c o n t r o l  e x i s t s  which s a t i s f i e s  t h e  l i m i t a t i o n s  (1.16) and (1.17), 

f o r  which Equation (1.33) holds ,  then t h i s  c o n t r o l  w i l l  be  c a l l e d  s i n g u l a r .  

A c o n t r o l  may be s i n g u l a r ,  i f  i n e q u a l i t y  (1.14) i s  not  s a t i s f i e d .  However, 

t h i s  condi t ion  is n o t  s u f f i c i e n t ,  i n  v i e w  of t h e  s p e c i f i c  na ture  of t h e  

c o e f f i c i e n t s  having l i n e a r  form (1.33) . /20 

L e t  u s  f i r s t  o b t a i n  c e r t a i n  r e l a t i o n s h i p s  fol lowing from Equation (1.33).  

* *  ,+ 
I n  t h i s  equat ion,  t h e  q u a n t i t i e s  & , I$,... dm may be represented a s  

fol lows 

c *  
where Dn, J?,2,...qL a r e  t h e  c o f a c t o r s  which correspond 

matr ix  y A  with t h e  elements 

(1.35) 

t o  t h e  f i r s t  row of the  

Then (1.33) may be w r i t t e n  i n  t h e  form 

(1.36) 

(1.37) 

L e t  u s  perform i n t e g r a t i o n  /r) t i m e s  i n  t h e  l i m i t s  0; g of r e l a t i o n s h i p  

(1.37) , mult ip l ied  r e s p e c t i v e l y  by t h e  q u a n t i t i e s  Li.(t/ J*(f/, bJ(2)u7d-A . .. 
Lm(qu*(&A u"(f/. With allowance f o r  t h e  n o t a t i o n  i n  (1.36) w e  o b t a i n  

t h e  following r e l a t i o n s h i p s  

14 



(1.38) 

/21 The l e f t  s i d e s  of t h e  f i r s t ( m - 1 )  r e l a t i o n s h i p s  (1.38) c o n t a i n  t h e  
rc 

product of t h e  cofac tors  of elements i n  t h e  f i r s t  row of t h e  matr ix  

elements of t h e  second, t h i r d ,  e t c .  mth row of t h e  s a m e  matr ix .  

products equal  zero according t o  t h e  s p e c i f i c  property of t h e  determinant.  

F i n a l l y ,  taking i n t o  account condi t ion  cU# 0, we o b t a i n  

by 
A l l  these  

t 
(1.39) 

W e  should n o t e  t h a t  condi t ion  q r p  ois a l s o  assumed, which i s  always 

v a l i d  f o r  a f i n i t e  number of measurements and l i n e a r l y  independent isochronous 

d e r i v a t i v e s .  

The las t  r e l a t i o n s h i p  i n  (1.38),  with allowance f o r  (1.39), gives  

- f f  
if 

JL, /t/ u V--df = c c, . 
Q 

(1.40) 

For the  case when condi t ion  (1.14) i s  n o t  s a t i s f i e d ,  t h e  fol lowing 

s ta tement  i s  v a l i d :  

Theorem 2.  L e t  u s  assume L, &I, 
dent  func t ions  on [o, g] which s a t i s f y  t h e  equat ion 

(61,. ..., L, (&I- are l i n e a r l y  indepen- 

8 
def (t/ L, (t j  */ti= Q, (E, 9- 9 < 2,. . . m) (1.41) 

P 

/22 
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L e t  us  consider  t h e  problem of determining t h e  scalar func t ion  U(t-,, 

d d Q ,  k ]  which minimizes t h e  f u n c t i o n a l  (1.15) f o r  t h e  l i m i t a t i o n s  (1.16) 

and (1.17). 

L e t  u s  assume one c o n t r o l  uy(f), t 6 fo; k-/ 
t h e  condi t ions  (1.16) , (1.17) and Equations (1.39). 

e x i s t s  which sat isf ies  

Then t h i s  c o n t r o l  provides t h e  extremum of t h e  problem being considered,  

and w i l l  belong t o  a class of s i n g u l a r  c o n t r o l s .  The set  of s i n g u l a r  con- 

t r o l s  i s  i n f i n i t e .  The f u n c t i o n a l  (1.15) of t h i s  set  i s  cons tan t .  

I n  t h e  opposi te  case ,  when only Condition (1.41) holds ,  t h e  extremum 

c o n t r o l  f o r  t h e  problem being considered w i l l  be  non-singular and w i l l  be  

determined according t o  (1.21). 

Proof 

It fol lows from Condition (1.41) t h a t  f o r  [o;g] t h e  fol lowing equat ion 

holds  

(1.42) 

where oL'~ Q=q42, . . .~7)do  n o t  equal zero simultaneously is]. 
i n  view of the  l i n e a r  independence of L/(e),...2bm(fl. 
To do t h i s ,  w e  s h a l l  i n t e g r a t e  Relat ionship (1.42) wi th in  t h e  l i m i t s  fq> &I. 
This  r e l a t i o n s h i p  mul t ip l ied  by u'(&)is the  c o n t r o l  s a t i s f y i n g  t h e  Conditions 

(1.39) : 

Thus, do f 0 
W e  s h a l l  show t h a t  d, # Q .  

e 
4/&/ (t) u+(tIdt = d o c ,  , 

Q (1.43) 

where Of is  t h e  cons tan t  sum Condition (1.17). Thus&, # 0. 

1 6  
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L e t  u s  d i v i d e  Relat ionship (1.42) b y d , + ' D .  W e  o b t a i n  

L e t  u s  show thatp,-=$-:  0~33, ... m). To do t h i s ,  w e  s h a l l  i n v e s t i g a t e  
r i 

t h e  cofac tor  DR. 
with allowance f o r  t h e  equat ion b, [&)=Po -paLz (6)- ... -& Lh(t) fol lowing 

from (1.44). 

The f i r s t  column of t h e  determinant D,, is transformed, 

W e  have 

With allowance f o r  r e l a t i o n s h i p s  (1.39),  t h e  f i r s t  t e r m s  i n  t h e  f i r s t  
x column of -13/L disappear .  

t h a t  t h e  remaining t e r m s  i n  t h e  f i r s t  column of 

t i o n  of t h e  following columns of t h e  de te rminantDf2  . 
account,  w e  o b t a i n D a  =p2D,;, i .e. ,/a = $. . 
p! = G*, . , . , pm = d:. 
interchange t h e  columns i n  the  corresponding determinants) .  

F i n a l l y ,  changing t o  t h e  n o t a t i o n  (1.36),  we f i n d  
f 

conta in  a l i n e a r  combina- 

Taking t h i s  f a c t  i n t o  
rt 

/24 
x Y 

S i m i l a r l y ,  ;$e may show t h a t  

(To prove these  equat ions,  i t  i s  necessary t o  

Thus, Rela t ionships  (1.33) and (1.44) have t h e  same l e f t  s i d e s  and, 

consequently,  t h e  same r i g h t  s i d e s ,  i .e . ,  &'*[t)- i s  a s i n g u l a r  c o n t r o l .  

However, s i n c e  Condition r(d)+R=o f o r  LQ,g] corresponds t o  (1.33) i n  (1.32) 
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w e  have &@, = & y  i .e.,  Uff(t/ s a t i s f i e s  t h e  necessary condi t ion  of t h e  

extremum. 

L e t  c e r t a i n  va lues  of dz J .  .. , 9: (c/ =/“u*d~) correspond t o  t h e  

s i n g u l a r  control /&).  Any c o n t r o l  which provides  t h e  s a m e  va lues  t o  t h e  

q u a n t i t i e s  i n  (1.35) w i l l  a l s o  be s ingular .  

Q 

L e t  u s  formulate t h e  problem of determining t h e  e n t i r e  s e t  of c o n t r o l s  

from t h e  Conditions Q2 = L&*, . .. 
where & , ... v, are given cons tan ts ,  and V’g ,..., L’, a r e  determined by (1.26) .  

Under t h e  given condi t ions  and t h e  l i m i t a t i o n  (1.17),  t h e  c o n t r o l  i s  only 

included under t h e  i n d i c e s  of s p e c i f i c  i n t e g r a l s .  The in tegrands  a r e  func t ions  

of one v a r i a b l e  ( t h e  i n t e g r a t i o n  v a r i a b l e ) .  Thus, t h e  number of s i n g u l a r  

c o n t r o l s  s a t i s f y i n g  t h e  l i m i t a t i o n s  (1.16)  , (1.17) w i l l  be i n f i n i t e .  

L?,= 9 )  and the  l i m i t a t i o n s  (1.16) , (1.17) , 
# f 

The f u n c t i o n a l  i s  cons tan t  on an  i n f i n i t e  s e t  of s i n g u l a r  cont ro ls .  

I n  a c t u a l i t y ,  w e  f i n d  t h e  following fromcondit ions (1.24)  , (1.15) (1.33) , 
and (1.40): 

It i s  

holds ,  and 

t e (Q; gJ 

apparent t h a t  i n  t h e  remaining cases ,  i f  only Condition (1.41) 

Condition (1.39) i s  not  s a t i s f i e d  f o r  any c o n t r o l  &&), 
s a t i s f y i n g  t h e  l i m i t a t i o n s  (1 .16) ,  (1.17), then w e  a r r i v e  a t  t h e  

l i n e a r  form (1.42) .  

i . e .  , t h e  c o n t r o l  w i l l  n o t  be s i n g u l a r  and i s  determined according t o  (1.21) .  

This form does not  co inc ide  w i t h  t h e  form of (1.33),  

The theorem 2 is proven. 
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*L 
I n  a c t u a l i t y ,  all t h e  c o f a c t o r s  g,.,q$-.qm have one and t h e  s a m e  f i r s t  

column with t h e  elementsq:(/J'=2,3, ... m).  

L,( f )=copst,  i n  v i e w  of t h e  f a c t  t h a t  J*=& j /  f Lj U/.Ydt= 0, (j=2,3 ,..., m), 

as follows from Ral t ionship  (1 .39 ) .  F i n a l l y ,  taking i n t o  account (1 .35)  , w e  

obtained t h e  des i red  corroborat ion.  

This column w i l l  b e  zero w i t h  

0 

The s implest  example of a s i n g u l a r  c o n t r o l  p e r t a i n s  t o  t h e  case  : 

= f P(*l= Q/ , t E f O ;  h''. Since b, ('f)z f o r b ,  g], any c o n t r o l  

U r ( f j ,  fe b, K l s a t i s f y i n g  t h e  Conditions (1.16) , (1.17) provides  one and 

t h e  s a m e  value 5$,=C, t o  t h e  functional+,. This  conclusion i s  obvious, 

s i n c e  when t h e r e  i s  one parameter and i t s  i n d i r e c t  measurement i s  performed, 

i t  does not  matter when an i n f i n i t e  number of measurements i s  c a r r i e d  out .  /26 

W e  could give many examples of s i n g u l a r  c o n t r o l s  f o r  m > 1. However, 

a s  a r u l e ,  they are only of a mathematical charac te r .  

However, a s i n g u l a r  c o n t r o l  may occur i n  p r a c t i c a l  problems. For example, 

l e t  us i n v e s t i g a t e  a naviga t iona l  problem connected w i t h  determining two 

parameters c h a r a c t e r i z i n g  t h e  p o s i t i o n  of t h e  plane of an e l l i p t i c  o r b i t .  A 

d e t a i l e d  d e s c r i p t i o n  of t h i s  problem i s  given in[J]. 

i s  s tudied i n  a d i s c r e t e  formulat ion.  For b r e v i t y ,  w e  s h a l l  g ive  t h i s  prob- 

l e m  i n  a continuous formulation. 

I n  [f] a s p e c i a l  case 

W e  have: \Y(tj-@sg(t)+@z sh 8(t/', tE[O,k], , (@(+His t h e  t r u e  
anomaly). The sum of t h e  var iances  i s  minimized: @ = Bll + B22. The 

a b s o l u t e  minimum sb is  achieved under t h e  condi t ion  t h a t  r e l a t i o n s h i p s  fws 

For example, f o r @ €  [O,F] w e  can r e a d i l y  select a n  i n f i n i t e  set  of 

c o n t r o l s  ~ ' ( f )  s a t i s f y i n g  Conditions (1.16) and (1 .17) .  

An equation s i m i l a r  t o  (1 .33)  is  s a t i s f i e d  i n  t h i s  case ,  s i n c e  t h e  

c o e f f i c i e n t s  will equal  zero f o r  b,&) and (e) when t h e  r e l a t i o n s h i p s  
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given above are s a t i s f i e d .  

On t h e  i n t e r v a l  [9,&] l e t  us  g ive  /%fp{ func t ions  t o  be measured 

$U(?*LJ~ ... v(‘l(f/, each of which depends on m parameters of t h e  o r b i t  

441L32, . .-  ,Qm* 
each measured func t ion  a s  c e r t a i n  constants .  For measurements whose e r r o r s  

are random and independent, t h e  c o r r e l a t i o n a l  matr ix  of t h e  parameters t o  be 

determined FS as fol lows 

I n  a d d i t i o n ,  l e t  us  give t h e  var iances  Gz, ..., &zm f o r  

(1.45) 

(z/ where fl 
which has t h e  following form by analogy wi th  (1.2)  

i s  t h e  weight matr ix  f o r  t h e  Zth composition of t h e  measurements, 

where /I$ i s  t h e  number of measurements of t h e  zth composition. 

L e t  us  in t roduce  t h e  equat ion 

(1.46) 

(1.47) 

The d i s t r i b u t i o n  of t h e  quasi-continuous measurements i n  t h i s  case i s  

determined by t h e  v e c t o r  func t ion  

each component of which i s  t h e  dens i ty  of t h e  measurements of the corres- 

ponding composition. 
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I 

For t h e  quasi-continuous measurements, w e  o b t a i n  

W e  should note  t h a t  t h e  matr ix  from (1.49) may b e  regarded a s  t h e  

mat r ix  func t iona l  of t h e  c o n t r o l  v e c t o r  Ufd, &./o,g] : J= J/u(f-)] .  

For Mpf measurement compositions, w e  may a l s o  formulate t h e  problem 

of optimizing t h e  observat ion process.  

Separate  determinat ion a t  t h e  parameters w i l l  no t  be considered, i . e . ,  

when t h e  compositions a r e  n o t  given by means of t h e  parameters being de ter -  

mined. If t h i s  case  occurs ,  t h e  problem of simultaneously determining the  

optimum composition and measurement program i s  devoid of any meaning. 

For t h e  problem of determining t h e  optimum composition and measurement 

program, t h e  following theorem may b e  proven: 

Theorem 3 .  For[q,g', l e t  us g ive  M>f systems of a n a l y t i c a l  

func t ions :  Lj///f/,:..Lz ft); ... L,'?&JJ ... L'z(tj. 
system be l i n e a r l y  independent f o r  1~~ 81, and s a t i s f y  t h e  condi t ions  

L e t  t h e  elements of each 

( 6 = <  ... M; z.0, <.4" 
? 

L e t  us i n v e s t i g a t e  t h e  problem of determining t h e  c o n t r o l  vec tor  

VftJ- uyd), tF [O,  g] which minimizes t h e  func t iona l  

under t h e  l i m i t a t i o n s  

OSU&jbC, (9 ( 3 = f J Z > . . M )  

(1.50) 

(1.51) 

(1.52) 

/29 
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(1.53) 

(1.54) 

where 

Btf, 'a>*.. R/m are elements of the first row of matrix S~[~)]slJ(v( f )J~'  
and the value 3 is selected from the condition 

0 Then the components of the minimizing vector function t/ (f) are 

determined by the relationships 

Let us consider certain conditions of theorem 3. 

(1.56) 

Here Condition (1.53) is a limitation on the total number of measurements. 

We may formulate the problem of when, instead of limitation (1.53), 

limitations exist of the form (1.17). This problem will be similar to the 

preceding problem. In this case, limitation (1.53) makes it possible to 
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t ransfer ' '  t h e  measurements from one composition t o  another ,  and t o  select 11 

t h e  optimum measurement composition, i n  a d d i t i o n  t o  t h e  optimum program. 

The theorem 3 may be proved by t h e  method presented above. However, 

t h e r e  are c e r t a i n  f e a t u r e s  which w e  must d i scuss .  

Instead of B,, , the  i n v e r s e  f u n c t i o n a l  eM = {B,, f?Y(2)/]-' from (1.51) 

i s  examined. The f i r s t  v a r i a t i o n  of t h i s  f u n c t i o n a l  i n  t h e  v i c i n i t y  of t h e  

va lues  of a c e r t a i n  c o n t r o l  v e c t o r  v&,) has t h e  form 

where : 

(1.57) 

(1.58) 

The following holds:  

Lemma 2. L e t  t h e  condi t ions  of theorem 3 be s a t i s f i e d .  Then any i n t e r -  

n a l  c o n t r o l  u(t) may be "improved". 

To prove t h i s ,  l e t  us proceed as w e  d id  i n  s e c t i o n  4 .  I n  view of t h e  

i n t e g r a l  l i m i t a t i o n  of t h e  problem, v a r i a t i o n s  d?,,(cl, . . . guM (e- are 

r e l a t e d  by t h e  condi t ion:  

L e t  us  make t h e  s u b s t i t u t i o n  

(1.59) 

(1.60) 
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where ofV,[e), . . . sV,( t / -  are a r b i t r a r y  v a r i a t i o n s  , and & i s  a c e r t a i n  

constant .  W e  f i n d  t h e  fol lowing from t h e  l a t t e r  r e l a t i o n s h i p s  

(1.61) 

due t o  which t h e  f i r s t  v a r i a t i o n  of t h e  des i red  f u n c t i o n a l  may be f i n a l l y  /32 
w r i t t e n  i n  t h e  form 

I n  view of t h e  f a c t  t h a t  &q (2),. . . , d"VM (4 are a r b i t r a r y  v a r i a t i o n s  , c: 
w e  may show ( j u s t  as i n  s e c t i o n  4) t h a t  any i n t e r n a l  c o n t r o l  Z/(t)may be 

imp roved" . 11 

Thus, f o r  a l l  permiss ib le  c o n t r o l s ,  the  func t ions  f &?J (t/+k, ($=<z, . . . ~  
are zero f o r  [Q, e] a t  a f i n i t e  number of p o i n t s ,  i n  view of t h e  a n a l y t i c  
n a t u r e  of kk (4) , (3 = 7: 2, .. . M; E= $2 ,... 07) and Condition (1.50). 

Thus, the  extremumcontrol i s  achieved as a boundary of t h e  permissible  

region. 

The f a c t  t h a t  t h e  boundary c o n t r o l  (1.56) i s  an extremum may be proven: 

j u s t  a s  i n  s e c t i o n  4 [ c o n t r o l  (1.56) cannot be "improved"]. 

It fol lows from (1.56) t h a t  t h e  c o n t r o l  v e c t o r  u"(e) depends on one 

cons tan t  2 .  
of t h e  c o n t r o l  vec tor  L / O ( t l  are i d e n t i c a l l y  zero a t  t h e  interval[ff,&]. 

This  w i l l  mean t h a t  t h e  measurements of these  compositions a r e  not  e f f e c t i v e  

i n  t h e  sense of t h e  minimum of t h e  f u n c t i o n a l  (1.51).  Therefore,  i n  t h i s  

problem t h e  optimum measurement compositions are s e l e c t e d  simultaneously with 

t h e  optimum measurement programs. 

This may l e a d  t o  t h e  s i t u a t i o n  when one o r  s e v e r a l  components 
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The s p e c i a l  cases i n  t h i s  problem may hold only when condi t ions  (1.50) - 133 

are v i o l a t e d .  However, s a t i s f y i n g  t h e  equations i n  (1.50) does n o t  mean 

t h a t  t h e  c o n t r o l  i s  s ingular :  

The c o n t r o l  s a t i s f y i n g  t h e  fol lowing condi t ions  w i l l  be  s i n g u l a r  

(a= ;52, ... (1.63) 

o r  

Y 

where the  s i g n  (&) shows t h a t  t h e s e  condi t ions  hold €or ult)= v(t), 

Since one a n d t h e  s a m e  cons tan t  i s  on t h e  r i g h t  hand s i d e  of (1.64), 

i t  thus fol lows t h a t  t h e  isochronous d e r i v a t i v e s  f o r  d i f f e r e n t  measurement 

compositions a r e  l i n e a r l y  dependent. 

It i s  usua l ly  assumed t h a t  t h i s  does not  occur.  I n  view of t h i s  

assumption, an equat ion l i k e  (1.64) can hold only f o r  any one func t ion  t o  

be measured. 

z 
For t h i s  case, t h e  number of s i n g u l a r  c o n t r o l s  u(&) w i l l  be  i n f i n i t e .  

I n  conclusion, l e t  u s  note  t h a t ,  i n  t h e  a n a l y s i s  of t h e  s o l u t i o n s  t o  

t h e  v a r i a t i o n a l  problems, condi t ions  f o r  t h e  a n a l y t i c  n a t u r e  of t h e  isochronous 

d e r i v a t i v e s  w e r e  assumed. These condi t ions  must be v a l i d  f o r  t h e  s o l u t i o n  

of each s p e c i f i c  problem. 

when studying unperturbed Kepler motion, s i n c e  i n  t h i s  case t h e r e  are known 

expansions of  t h e  coordinates  and v e l o c i t i e s  i n  series, and as a r u l e  they 

are used t o  c a l c u l a t e  t h e  d e s i r e d  d e r i v a t i v e s  [ lo] .  

This  v a l i d i t y  may be r e a d i l y  achieved, i n  p a r t i c u l a r  

- 134 
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11. Algorithm f o r  Determining a Non-sinwlar  Solu t ion  

L e t  u s  s tudy  a known s i n g u l a r  s o l u t i o n  of t h e  v a r i a t i o n a l  problem [see 

(1.21)] f o r  t h e  case of a homogeneous measurement composition. 

I n v i e w o f  t h e  Rayleigh extremum c o n t r o l  i n  s p e c i f i c  problems, i t  

i s  necessary t o  f i n d  t h e  measurement per iods  whenu(fJ-C,. 

s e c t i o n s  of t h e  i n t e r v a l  [#, gJ , measurements are n o t  performed. 

number of p o i n t s  f o r  s h i f t i n g  t h e  c o n t r o l  i s  known ( t h e  boundaries of [Q, 81, 
i f  they are a s o l u t i o n ,  are a l s o  assumed t o  be s h i f t i n g  poin ts )  t h e  s o l u t i o n  

t o  t h e  problem does n o t  e n t a i l  g r e a t  d i f f i c u l t i e s .  However, as a r u l e ,  t h i s  

number i s  unknown, and must automatical ly  fol low from t h e  s o l u t i o n  of t h e  

s p e c i f i c  extremum problem. 

I n  t h e  remaining 

When t h e  

Below, w e  s h a l l  s tudy t h i s  case.  

L e t  us  show t h a t  t h e  s o l u t i o n  of t h e  given extremum problem may be reduced 

t o  f i n d i n g  a f i n i t e  number of independent v a r i a b l e s  i n  a s p e c i a l  system of 

t ranscendenta l  equat ions.  

A s  t h e  independent v a r i a b l e s ,  l e t  us  use t h e  q u a n t i t i e s  4 ,  4 , . . . d,,, 
To compile t h i s  system, l e t  us  (v, E f ) ,  which determine t h e  €unctionP(f). 

f i r s t  consider  t h e  fol lowing sequence of opera t ions& = f): 

(b) Determination of t h e  p o i n t s  fat-/ , (pa<2,... as boundaries 

~9 /of t h e  i n t e r v a l s  of t i m e  s a t i s f y i n g  t h e  condi t ions  

rltj +it t u, t+,gj 
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(c)  Calcu la t ing  t h e  elements of the matr ix  J : 

(d) Obtaining t h e  following q u a n t i t i e s :  

-/ . where ,8,, , ... 8,,, a r e  elements of t h e  matr ix  B =  3 

It fol lows from t h e  necessary condi t ion  of a s t rong ,  r e l a t i v e  extremum, 
z 

t h a t  i f  

t h e  Rayleigh c o n t r o l  corresponding t o  t h e  s o l u t i o n  of t h e  v a r i a t i o n a l  

problem . 

= L/. ( j=2,3,.-m , then t h e  p o i n t s  obtained from (2.1) determine 
I /  

Thus, t o  f i n d  t h e  extremum s o l u t i o n  of t h e  v a r i a t i o n a l  problem, i t  is  

necessary t o  determine t h e  independent v a r i a b l e s  4l ... dm from t h e  s o l u t i o n  

of t h e  following s p e c i a l  opera tor  system of equat ions:  

4 = 4 (&,4 2 ... &) > 

<= g (4, 4, ... J m ) ,  
- -  - - - - - - - - . . 

(2.4) 

where t h e  right-hand s i d e s  are obtained from t h e  sequence of procedures (a)  - 
(d) given above. 

- /37 

L e t  US dwell i n  d e t a i l  on Conditions (2.1). The p o i n t s  6,, e‘, ... trK 
which s a t i s f y  these  condi t ions  w i l l  be  c a l l e d  t h e  p o i n t s  of switching t h e  

cont ro l .  They are uniquely determined from Conditions (2.1) i n  view 

of t h e  a n a l y t i c  n a t u r e  of t h e  isochronous d e r i v a t i v e s  and t h e  condi t ion  

rCtjth f o on b-,g] 
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This determinat ion may be made i n  t h e  genera l  case on a computer. 

f o r  t h e  assumed va lues  of 4,  1/3 I ... dm (4~4 t h e  €unct ions p&), &t?b,/b] 
are constructed.  

f o r  / J / ,  contained between zero and 

Thus, 

Then we  select /b>F/ - an a r b i t r a r y  i n i t i a l  approximation 

= h0-Z p[t,! (For /n/ = 0 w e  have 
QS fe g. 

m a € +  4, &-*I; f o r  /J /= p'- m-&ij = 0 1 * 

(0) 
The p o i n t s  K'oJd. f which a r e  boundaries of t5e /J? / t i m e  i n t e r v a l s ,  

f o r  which the  condi t ions  r&ph''~ , &€Lo, s'/ a r e  s a t i s f i e d  , correspond !:. 
k?) cs/ fq t o  t h e  p o i n t s  2, , 

be zero func t ions  /-(d)-/? 
p o i n t s  may inc lude  t h e  boundaries (a, &], i f  p(0) 7 /A'"'/ ,  and f(") -/A@/ 

(or  one of t h e  boundaries when only one i n e q u a l i t y  i s  s a t i s f i e d ) .  

. . . k Z t ( ~  . I n  t h e  general  case ,  these  p o i n t s  w i l l  

I n  a d d i t i o n ,  t h e  s e t  2 ~ ~ )  of f o r  [a, g]. 
- /38 

W e  should note  t h a t  when the  r o o t s  of t h e  func t ion  rCt/-/d'@/ are found 

f o r  / . ;E ] ,  i t  is  assumed t h a t  t h e i r  number i s  unknown. 

func t ion  may be determined on a computer. For t h i s  purpose, a t a b l e  of va lues  

f o r  t h e  func t ion  f&), tgfa,g] i s  compiled w i t h  a c e r t a i n  s t e p  h (which i s  

se lec ted  empir ica l ly) .  

changes s ign.  These p o i n t s  are assumed as zero approximations of t h e  r o o t s .  

The r o o t s  of equat ion r[f)-/A/"//=.O are found with t h e  given accuracy by 

means of the  a n a l y t i c  expression f o r  f ( f l .  ' peated f o r  - 2' 
t h e  r o o t s  obtained are assumed t o  be t h e  des i red  ones. 

The r o o t s  of t h i s  

I n  addi t ion ,  p o i n t s  are found where f (&)-/A'"/l 

Then t h e  same procedure i s  re- 
h 
2 

I f  t h e  number of corresponding K O O t S  f o r  - does not  change, 

A change i n  t h e  number of r o o t s  f o r  4 means t h a t  t h i s  procedure must 

be repeated.  This  i s  continued u n t i l  t h e  required condi t ion  i s  s a t i s f i e d .  

g r a l  l i m i t a t i o n  of t h e  problem, w e  

i n g  considerat ions:  0 s  '"'l<h'"// , 

(4 /. If C, <cf, then,  

s e l e c t  a new va lue  of 

however, i f  C, > C,, &J 

t o  s a t i s f y  t h e  i n t e -  

X from t h e  follow- 

then /!!?-= /Jf '/<f: 
I n  a d d i t i  m,  f o r  t h i s  value.&/;/RI/II, xl" t i m e  i n t e r v a l s  are found wiich 

s a t i s f y  t h e  condi t ion  f(&)*/..'g/, tchg]. I n  t h e  genera l  case, /t"does not  
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I II 

coincide wi th  K@. 

C, . 
Then t h e  va lue  of c/ l4 is  c a l c u l a t e d  which is  compared with 

This process  i s  terminated on t h e  LTth s t e p ,  whenwe a r r i v e  a t  t h e  i n e q u a l i t y  /39 
(51 C,/T E=, 3 where &, is  t h e  assumed accuracy. The va lues  of 4 , ...) 

*@-- are used a s  t h e  p o i n t s  of switching f o r  c a l c u l a t i n g  t h e  matr ix  (2.2).  
t*(’J 

Now l e t  u s  i n v e s t i g a t e  t h e  extremum problem f o r  &‘7/ measurement com- 

It may b e  r e a d i l y  seen t h a t  t h e  s o l u t i o n  of t h e  problem is a l s o  pos i t ions .  

reduced t o  t h e  system (2.4).  However, t h e  right-hand s i d e s  of t h i s  system 

w i l l  be formed from t h e  fol lowing sequence of procedures ( s e e  theorem 3 ) :  

(a) Compiling M func t ions  which determine t h e  p o i n t s  of switching the  

c o n t r o l  i n  t h e  i n t e r v a l  [ff, g] : 

(b) Finding Msets of p o i n t s  f o r  switching t h e  c o n t r o l ,  a s  boundaries 

of t h e  t i m e  i n t e r v a l s  s a t i s f y i n g  t h e  condi t ions  

f yq+ 2+ 0, f l & ) c R z  0, . . . r‘?zf)+,bQ t & g ]  

(2.1’) 

where Kg i s  the  number of t i m e  i n t e r v a l s  corresponding t o  E+?’, (3 = f, 2, ... 
M. 

(c) Formulating t h e  mat r ix  

where - /40 
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(d) Calcu la t ing  t h e  right-hand s i d e s  of system ( 2 . 4 )  

( 2 . 3 ' )  

It fol lows from t h e  above formulas t h a t  t h e  order  of t h e  system ( 2 . 4 )  

e q u a l s (  m - /  ), i .e . ,  i t  i s  only determined by t h e  number of parameters t o  

be es tab l i shed ,  and does n o t  depend on the  amount of p o i n t s  f o r  switching t h e  

c o n t r o l  o r  the  s e l e c t i o n  of t h e  func t ions  t o  be measured. 

To solve system ( 2 . 4 ) ,  w e  s h a l l  use t h e  modified method of s teepest  

descent  which w a s  proposed by T. M. Eneyev i n  1957. This  method i s  described 

i n  t h e  a r t i c l e  [ll] and [l]. 

The s o l u t i o n  of system ( 2 . 4 )  i s  equivalent  t o  t h e  problem of f ind ing  the  

minimum of t h e  functional. 

where 
N 

(d'=2,3, ... m).  

This minimum is  achieved €or $*= 0, g= 2,3>. .. m), which corresponds t o  - / 4 1  i 
t h e  s o l u t i o n  of system ( 2 . 4 ) .  
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L e t  u s  consider  t h e  case when t h e  p a r t i a l  d e r i v a t i v e s  of wi th  r e s p e c t  

t o  the independent v a r i a b l e s  &, , 4 , . . . dm are continuous func t ions  of t h e  

l a t t e r  ( t h e  a n a l y t i c a l  expressions f o r  these  d e r i v a t i v e s  are given below). 

The s t e e p e s t  descent  thus corresponds t o  the  d i r e c t i o n  of t h e  an t i -grad ien t  

1121 

The s u r f a c e  95 i n  the  space of the v a r i a b l e s  5 , 5 , ... 5 has  a very 

simple form [l]. This  i s  none o t h e r  than a "paraboloid of revolut ion" i n  

m-dimensional space. 

s u r f a c e  of t h i s  paraboloid r e p r e s e n t s  t h e  motion along i t s  genera t r ix .  
Correspondingly, s t e e p e s t  descent  over t h e  

The gradien t  descent  i n  t h i s  space leads  t o  t h e  system of equat ions [l] 

o r ,  us ing  t h e  r u l e  of d i f f e r e n t i a t i o n  of complex f u n c t i o n s ,  w e  o b t a i n  

&2>4 ... ".') 

where S i  $3 and t h e  matr ix  6 = J Q - .  // must be non-singular.  B JJ 

The numerical i n t e g r a t i o n  of the  system of Equations (2.8) i s  u s u a l l y  - / 4 2  

replaced by an equiva len t  procedure - t h e  Newton i t e r a t i o n  cycle .  

a t  each s t e p ,  the  following system of l i n e a r  equat ions i s  solved,  which i s  

generated by the  system (2.8) 

Thus, 

qz d 1/2 9 A d - + .  .. +L?,em A d , ,  =- yL- , 
(I- =2,3, . 0 .  "/ (2.9) 

To ,go on t o  the  fol lowing s t e p ,  w e  must s a t i s f y  t h e  condi t ions 

(2.10) 
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Coeff ic ien ts  of t h e  system ( 2 . 9 )  comprise t h e  matr ix  G- lqC-1 , 
(c;/.02,3, ... . 
t h i s  matr ix  f o r  t h e  system ( 2 . 4 ) .  

L e t  us  present  a b r i e f  d e r i v a t i o n  f o r  t h e  elements of 

W e  have 

rr = E--fV> (2.11) 

where E i s  t h e  u n i t  matr ix  of order  (m- f ), 

(2.12) 

L e t  u s  consider  t h e  case of the  homogeneous composition of measurements. k 
W e  should note  t h a t  f o r  each given se t  4,  &, . .. flm t h e  p o i n t s  f o r  switching 

t h e  c o n t r o l  GI tz, ... 
according t o  s e c t i o n  I. 

are uniquely determined from Condition (2 .1)  

Thus, f o r  elements of t h e  matr ix  N w e  f ind  

(2.13) 

L e t  us  consider  Condition (2.1) i n  more d e t a i l .  Under these  condi t ions ,  

( f o r  theswi tch ing  poin ts )  t h e  i n e q u a l i t y  may have a maximum a t  two p o i n t s  

corresponding t o  t h e  boundary of t h e  segment [U, 81, i f  p(Q)+J? 0 and 

r7a + A, 0. 

It is  apparent t h a t  then we may se t  

( 2 . 1 4 )  
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These condi t ions  may be r e a d i l y  i n t e r p r e t e d  geometr ical ly .  I n  a c t u a l i t y ,  

l e t  us  set  4, t/j . .. t/, ; ;Z are such t h a t  /7(o;)+J;.Q . 
small devia t ion  of t h e  independent v a r i a b l e  & , L/3,... Qm does not  s h i f t  t h e  

switching point@, i.e. , r+ = 0 (i= 2,3, .. -") whereas t h e  switching p o i n t s  

l y i n g  wi th in  LO, 8]are s h i f t e d  t o  small v a l u e s ,  due t o  a change i n  r(t) and A.  

I n  a s i m i l a r  way, w e  may e x p l a i n  t h e  second condi t ion  C2.14). 

case ,  d i f f e r e n t  combinations may hold,  such as when rY and g a r e  n o t  included 

i n  t h e  family of 2~ p o i n t s ,  o r  only one of them is  included i n  t h i s  se t .  

Then t h e  i n f i n i t e l y  

A M  

I n  the  genera l  

Thus, l e t  us  set 

(2.15) 

i s  a se t  of switching p o i n t s  which s a t i s f y  t h e  equat ion p[t3)+Jro , 
[?+> ..A). 

( I n  unusual cases  , w e  may have t h e  equat ion r(&)'+ 2 = 0 P(g, +J = 0 
Taking i n t o  

, 
i . e . ,  q a n d  g m a y  a l s o  b e  included i n  t h e  s e t  of n p o i n t s ) .  

account condi t ion (2.14) we f i n d  

(2.16) 

For t h e  f i r s t  f a c t o r s  i n  (2.16) ( i  i s  f ixed)  , i n  view of (2.8)  w e  

have 

(2.17) 

may be ca lcu la ted  as fol lows.  The matr ix  r e l a t i o n  i s  The d e r i v a t i v e  - dB/i 
fe 

B2= E, 

- I44 

where E i s  t h e  u n i t  mat r ix  which i s  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  f,. L e t  
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us f i n d  

W e  may r e a d i l y  f i n d  t h a t  

where 

m 

(Cr‘(2,. ..”; e= < .. . n), 

Taking i n t o  account t h e  above r e l a t i o n s h i p s ,  we f ind  

(2.18) 

(2.19) 

(2.20) 

(2.21) 
(i= 2,3, ... h ; P= e2 ,... n). 

The expressions f o r  t h e  second f a c t o r s  i n  (2.16) assume a somewhat more 

complex form. 

Now l e t  us  f i r s t  w r i t e  a l l  t h e  condi t ions  which are s a t i s f i e d  by t h e  

q u a n t i t i e s  f,, ta, ... tn ; 4,d  ,... 4. W e  have 

(2.22) 
/ -#, f tz-. .. ( - r )” t ,  = c 

w h e r e c / = c , ,  i f  tl d rr,t2Kitg,~/=c,-8, if d, f g  ,tat = k ,  e t c .  

q u a n t i t y c ’ d o e s  n o t  i n t e r e s t  us d i r e c t l y ,  s i n c e  w e  can c a l c u l a t e  only the  

d e r i v a t i v e s  

The 

d ZL e. , (e= I’,... n; j=2,3, ... /nl. d+ 
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Excluding t h e  q u a n t i t y  2 from (2.22), w e  a r r i v e  a t  t h e  system of 

equat ions 

) - r(t,j = 0 

f (e") - f(tJ = 0 
-t, + tz -.. . (-ilntn =cf 

. . . - .  . . .  . . . . .  

(2 .23)  

Thus, i n  (2 .28)  w e  have n equat ions of f l  func t ions  t,, & , . . . en, and 

The p a r t i a l  d e r i v a t i v e s  3~'. ( = < $ . . e  "; d t e p  
of ( C9-1) v a r i a b l e s  &, 4, ... I/m . 

I 

j =  2,3, /n/ can i n  t h i s  c a s e  be c a l c u l a t e d  by t h e  customary r u l e s  f o r  d e r i v a t i v e s  

of func t ions  which are given i m p l i c i t l y .  

D i f f e r e n t i a t i n g  t h e  system of equations (2 .28)  with  r e s p e c t  t o  4 ( j 
i s  f i x e d ) ,  w e  o b t a i n  n r e l a t i o n s h i p s  

(2 .24)  

where t h e  n o t a t i o n  < E'F(&-~),(zf=<z, ,.. n)is introduced.  

A f t e r  c a l c u l a t i n g  t h e  d e r i v a t i v e s  of 7 (3s <2,. .. n) with  r e s p e c t  t o  

L/ j  a n d t t ,  (z=(z,...h) w e  o b t a i n  a system whose matrix n o t a t i o n  has  t h e  form 
3' 

- I 4 8  
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where pis t h e  square  matrix of order  D: 

where 

/ - f  f /  -/  ... p f p \  - f  f /  -/  ... p f p  

p = ( : .  .. . ; . . . I . . . ::: . . . . j n )  . ’ 
-/Q/ .. . 

and t h e  columns y a n d 2 e  have the  form I I 

(2.26) 

(2.27) 

Assuming t h a t  t h e  m a t r i x p  from (2.26) i s  n o t  s i n g u l a r ,  we ob ta in  

(2.28) 

dt 
/48 To f i n d  a l l  t h e  necessary  derivatives ... /?; j = Z 2 3 ,  m) 

rl 

i n  t h e  matrix Expression (2.28) we merely change the column 

mat r ix  p remains t h e  s a m e  f o r  a l l  j = ~ , 3 ,  ... T .  

7, and t h e  

L e t  u s  cons ider  one p a r t i c u l a r  case when a l l  t h e  elements of the matrix 

N i n  (2.12) equal  zero.  Suppose t h e r e  are only two po in t s  a t  which t h e  

d i r e c t i o n  i s  changed, where one of them (0 o r  g ) e=  to corresponds t o  an  

endpoint of  t h e  i n t e r v a l  (.; g] and P(&,)+>p 0. 
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Then w e  have: 

From (2.14) w e  ob ta in  t h e  des i red  r e s u l t .  Then t h e  system of Equations 

( 2 . 9 )  becomes : 

I n  a l l  remaining cases, t h e  elements of t h e  matr ix  6 = fo,, // are cal- 

cu la ted  using t h e  formulas given above. 

The elements of t h e  mat r ix  N f o r  the case of hfTf sets of measurements 

are s i m i l a r l y  computed. We s h a l l  give t h e  f i n a l  formulas f o r  t h e s e  d e r i v a t i v e s .  

Suppose t h a t k f  sets of p o i n t s  a t  which t h e  d i r e c t i o n  i s  changed corre- 

spond t o  t h e  Conditions (2 .1 ' ) :  

where 

These sets do n o t  inc lude  t h e  endpoints of t h e  i n t e r v a l  IS,&] i f  they 

happen t o  b e  p o i n t s  a t  which t h e  d i r e c t i o n  i s  changed, and s a t i s f y  t h e  

i n e q u a l i t i e s  i n  ( 2 . 1 ' ) .  

The elements of t h e  Matrix (2.12) i n  t h i s  case can b e  w r i t t e n  i n  the 

following way: 
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(2.29) 

The leading  f a c t o r s  i n  (2.29) are 

The second f a c t o r  i n  (2.29) can b e  obta ined  by so lv ing  t h e  fol lowing 

system of matrix equat ions :  

where 

p"= 

.-. ...... 
-j$J 0 -.. 
-. . . . . . . .  
... ...... 
-p,@ 0 .* .  

... . . . . . .  
Tp') D ... 

U 

... 
td P4 

--. 
... 
0 
... 
0 

...... -0 0 ... 0 
. . . . . . . . . . . . . . . . . .  
. . . . . .  0 0 ... U 
. . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . .  
L. 

... . . . p ,  w D  ... 0 

. . . . . . . . . . . . . . . . . .  
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L e t  us consider  t h e  process  of so lv ing  t h e  System ( 2 . 4 )  f o r  a homogeneous 

By consider ing t h e  matr ix  N [see (2 .12 ) ] ,  i t  is  easy t o  set of measurements. 

see t h a t ,  i f  t h e  number of p o i n t s  /r corresponding t o  t h e  switching t i m e s  

(2.15) is  changed ( i n  t h e  descent  toward a s o l u t i o n ) ,  then  t h e  deriva- 

tives appearing i n  t h e  matrix N s u f f e r  a d i s c o n t i n u i t y .  

r e l a t i o n s  used t o  form t h e s e  d e r i v a t i v e s  show t h a t  t h e  elements of t h e  matrix 

N c h a n g e  discont inuously.  This  follows, f o r  example, from t h e  f a c t  t h a t  a 

change i n  n impl ies  a change i n  t h e  order  of t h e  mat r ix  p i n  ( 2 . 2 6 ) ,  which 

m e a n s  t h a t  t h e  va lues  of 

I n  t h i s  case, t h e  

(.=@ ,... ,7; j=3%...mJ i n  terms of which t h e  
d+ 
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elements of t h e  mat r ix  N are d i r e c t l y  expressed, a l s o  change discont inuously.  

D i s c o n t i n u i t i e s  of t h e  f i r s t  kind i n  t h e  elements of t h e  matr ix  N m e a n  

t h a t  t h e r e  are d i r e c t i o n s  of descent along which a s e c t i o n  of t h e  unknown 

f u n c t i o n a l  @ i n  (2.5) has  breaking p o i n t s .  

I n  t h i s  case, t h e  f u n c t i o n a l  i n  t h e  space r e p r e s e n t s  a composite 

sur face  composed of p~ / hypersurfaces  f o r  each of  which t h e  elements of t h e  

matr ix  It' are continuous (p=f , i f  i n  t h e  descent process  t h e  number 

remains t h e  s a m e ,  and a s o l u t i o n  of t h e  problem can be obtained using a 

modified method of s teepest  descent ) .  

D 

Due t o  t h e  presence of d i s c o n t i n u i t i e s  i n  t h e  elements of t h e  m a t r i x N ,  

t h e  d i r e c t i o n  of s teepest  descent  f o r  t h e  func t iona l  4 does n o t  genera l ly  

correspond t o  t h e  d i r e c t i o n  of t h e  a n t i g r a d i e n t .  I n  f a c t ,  t h e  s i n g u l a r  p o i n t s  

of t h e  l i n e  of c u t  of t h e  hypersurface (poin ts  where t h e  number n changes) /53 
possess  t h e  property t h a t  t h e i r  ,G -neighborhoods do n o t  determine a c l o s e  

d i r e c t i o n  of descent .  (This f a c t  i s  very important i n  t h e  case when t h e  l i n e s  

of c u t  are nonconvex.) For continuous d e r i v a t i v e s  making up t h e  m a t r i x N ,  t h e  

-neighborhood of any p o i n t  on t h e  hypersurface def ines  c l o s e  d i r e c t i o n s  of 

descent.  

The process  of converging on a des i red  s o l u t i o n  ( f o r  p ) can b e  

achieved i n  t h e  following way. 

fd fa) 
Suppose t h e r e  i s  an i n i t i a l  approximation I/, , ... d', t o  which t h e r e  

We t a k e  a s t e p  according t o  poin t  2;  w e  corresponds t h e  number n= n'" . 
obta in  n= (9. The b a s i c  comparison i s  t h a t  between W and n ' j .  Then, 

i f  n lo) = o '' t h e  problem proceeds according t o  t h e  formulas i n  Sect ion 2.  

However, a f t e r  a c e r t a i n  number of s t e p s  (because y71) w e  obtain:  

6?. f ,n+d 
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This  means t h a t  t h e  p o i n t  passed through one o r  several s i n g u l a r  breaking 

poin ts ;  here ,  t h e  preceding hypersurface does n o t  l e a d  d i r e c t l y  t o  a 

so lu t ion .  

The Condition (2.30) i s  accompanied by one of t h e  i n e q u a l i t i e s :  

I f  w e  arrive a t  t h e  I n e q u a l i t y  (2.32),  t h e  c a l c u l a t i o n  i s  continued 

according t o  t h e  s tandard scheme. I n  t h i s  case,  t h e  Condition (2.32) may 

occur a t  each s t e p  i n  t h e  sequel .  This case may correspond t o  a convex 

func t iona l  . 

In  a general  case, t h e  I n e q u a l i t y  (2.31) may hold simultaneously 

with t h e  Condition (2.30). 

Our next problem is  t o  analyze t h e  hypersurface c u t  i n  t h e  d i r e c t i o n  of 

descent from t h e  poin t  5 t o  t h e  poin t  ( b t f  ). 

Above a l l ,  i t  is  necessary t o  f ind  a l l  t h e  s i n g u l a r  p o i n t s  of t h i s  cut :  21, 
r2 ,...zp. Then t h e  p o i n t s  2 , - E ,  Z, t P ,  % - E ,  %+E ,... +-E, Zp+€, where & is  a 

s m a l l  number.( 

and a s t e p  i s  taken which permits  us t o  obta in  a v a r i a t i o n  of t h e  f u n c t i o n a l  

(2.5) r e s u l t i n g  from a change i n  t h e  i n i t i a l  approximation. The new i n i t i a l  

approximation i n  subsequent c a l c u l a t i o n s  i s  taken t o  b e  t h e  poin t  corresponding 

t o  t h e  maximum decrease of t h e  func t iona l .  I f  i n  a given c u t  t h e r e  a r e  p o i n t s  

which l e a d  t o  a decrease of t h e  func t iona l  during t h e  s t e p  t h a t  follows, w e  

then begin t o  analyze t h e  hypersurface cu t  from t h e  p o i n t  +(‘-/I t o  t h e  p o i n t  

7 01, are consecut ively taken as t h e  new i n i t i a l  approximations, 

q3 (3) . 

The algori thm presented h e r e  w a s  run many t i m e s  on a computer, and 

proved i t s  high e f f i c i e n c y .  
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111. Optimum Periods f o r  Measuring t h e  Radia l  Veloci ty  

t o  Determine t h e  Orbi t  of an A r t i f i c i a l  Sa te l l i t e  of Mars 
- I 5 5  

Suppose t h a t  on t h e  Earth,  measurements of t h e  r a d i a l  v e l o c i t y  v(t) =a 
are made t o  determine t h e  o r b i t  parameters of an a r t i f i c i a l  sa te l l i te  of Mars. 

L e t  us in t roduce  a coordinate  system. The o r i g i n  0 w i l l  be  loca ted  a t  

t h e  center  of mass of t h e  p l a n e t  Mars. The l i n e  of s i g h t  w i l l  b e  def ined as 

t h e  l i n e  connecting t h e  c e n t e r s  of mass of Earth and Mars. It is  c l e a r  t h a t  

i n  absolu te  space t h e  l i n e  of s i g h t  descr ibes  a r u l e d  sur face .  L e t  t h e  X 

a x i s  be d i r e c t e d  toward Earth,  and suppose t h a t  a t  t i m e  f = u  i t  coincides  

with t h e  l i n e  of s i g h t .  The p lane  “Of l ies  i n  t h e  p lane  which i s  tangent t o  

t h e  ru led  s u r f a c e  a t  t i m e  t = O  , and t h e  a x i s  i s  chosen i n  such a way t h a t  

t h e  p o s i t i v e  angle  from 2 toward 

from t h e  n o r t h  pole.  The 2 a x i s  completes t h e  coord ina te  system i n  such a 

way as t o  make i t  right-handed. 

Y 
is  measured counterclockwise when viewed Y 

It is  assumed t h a t  t h e  motion of an a r t i f i c i a l  sa te l l i t e  i n  i t s  o r b i t  

around Mars i s  Keplerian and unperturbed. 

by t h e  following parbmeters: 

Z” ( t h e  t i m e  an a r t i f i c i a l  s a t e l l i t e  of Mars passes  through t h e  p e r i c e n t e r ) ,  

Suppose t h a t  t h i s  motion i s  described 

2, ( p e r i c e n t e r  d i s tance)  , Cy (semimajor a x i s )  , 

9 ( t h e  longi tude of t h e  ascending mode, measured from t h e  iZ a x i s )  , 
( i n c l i n a t i o n  of t h e  o r b i t  t o  t h e  p lane  zag), CS (angular  d i s t a n c e  of t h e  

p e r i c e n t e r  from t h e  node) .  

L’ 

d 

/56 

I n  t h e  case of t h e  o r b i t  of an a r t i f i c i a l  sa te l l i t e  of  Mars, t h e  para- 

meter r r  is a major c h a r a c t e r i s t i c  ( i . e .  , t h e  var iance  of % is  minimized). 

I n  so lv ing  t h e  problem, w e  have assumed a s i m p l i f i e d  model because of 

t h e  l a r g e  d is tance  of t h e  o r b i t  of an a r t i f i c i a l  Mars satel l i te  from Earth,  



and a l s o  s i n c e  - t o  determine an opt imal  program of measurements - i t  is  

only necessary t o  know t h e  isochronous d e r i v a t i v e s .  

W e  s h a l l  b r i e f l y  s ta te  t h e  p r i n c i p a l  s i m p l i f i c a t i o n s .  

Since t h e  mean angular  v e l o c i t i e s  of t h e  revolu t ion  of Mars and Ear th  

around t h e  Sun are s m a l l ,  t h i s  means t h a t  t h e  angular v e l o c i t y  of t h e  displace-  

ment of t h e  l i n e  of s i g h t  

one o r  two months i t  may b e  considered constant  i n  our model. 

of measurement does n o t  exceed 24 hours ,  then t h e  displacement of t h e  l i n e  of 

s i g h t  may b e  general ly  neglec ted ,  i . e . ,  w e  may set  R, = O .  Accounting f o r  

t h e  angular  dimensions of an a r t i f i c i a l  Mars s a t e l l i t e  and t h e  r o t a t i o n  of 

t h e  Earth has very l i t t l e  e f f e c t  on t h e  isochronous d e r i v a t i v e s .  

R( is  a l s o  s m a l l ,  and wi th in  an i n t e r v a l  of 

If t h e  i n t e r v a l  

Thus wi th in  a s m a l l  measurement i n t e r v a l  t h e  func t ion  t o  be measured i s  

i n  t h e  form of t h e  z component of t h e  Mars-centric motion of t h e  a r t i f i c i a l  

Mars sa te l l i t e .  

I n  a general  case (G, P a ) ,  t h e  unknown funct ion t o  b e  measured becomes: 

v[t) = - s , ( 3 . 1 )  

where 

where X ,j are t h e  v e l o c i t y  components of t h e  Mars-centric unperturbed 

motion of an a r t i f i c i a l  Mars sa te l l i t e  [lo]: 

X=dj f : tL ' f  , p = p i  +p'$ ; 
d = cos c3 cosq - sir u, sinqtosi , 
~ ' = - s i n ~ w s ~  - m w  ~ i f i a m ~ ~ ' ,  

(continued) 

(3.2) /57 

(3 .3 )  
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Here w e  use t h e  nota t ion :  8 i s  t h e  t r u e  anomaly, 

( K is t h e  g r a v i t a t i o n a l  cons tan t ,  m i s  t h e  m a s s  of Mars). 

Equation (3.2) can b e  r e w r i t t e n  as 

(3 .3)  

c. 
where 

2 = -2 - Qp f t - n )  

and zf can be obtained from d and d' a f t e r  r e p l a c i n g  2 with 
4 

i n  them. 
" 

It w i l l  b e  noted t h a t ,  depending on t h e  i n i t i a l  p o s i t i o n  of t h e  p l a n e t s ,  

t h e  value of Rg may d i f f e r  a s  t o  i t s  s ign .  

W e  in t roduce t h e  nota t ion :  

then w e  ob ta in  t h e  fol lowing f o r  t h e  measured func t ion  (3.1) [ l o ] :  

( 3 . 6 )  (continued) 
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U 

where p and Pl' can b e  obtained from P and /3/ [see ( 3 . 3 ) ]  a f t e r  rep lac ing  

2 by -2". 
l i n e a r l y  independent func t ions  of t h e  v a r i a b l e  @ : 

The remaining unknown q u a n t i t i e s  i n  ( 3 . 6 )  are def ined by t h e  t e n  

Among those;  G, @,N,wy have t h e  form: 

( 3 . 7 )  

/59 

F i r s t  of a l l ,  i t  should b e  noted t h a t  a determinat ion of an optimum 

measurement program is p o s s i b l e  only when t h e  number of parameters i s  such 

t h a t  t h e  l a t te r  can b e  determined with a given set of measurements. 
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One of t h e  most important p r a c t i c a l  cases i n  t h e  determinat ion of an  o r b i t  

of an a r t i f i c i a l  Mars sa te l l i t e  is  t h e  case where i t  is required t o  determine 

t h e  o r b i t  wi th in  a s h o r t  per iod of t i m e  - say, wi th in  less than 24 hours.  

t h i s  case, i n  es t imat ing  t h e  accuracy of t h e  p r e d i c t i o n  one may n e g l e c t  t h e  

o r b i t a l  motion of t h e  p l a n e t s ,  i .e .  , one may set Rg = 0 . 
I n  

It i s  obvious t h a t  i n  t h i s  case i t  is impossible  t o  estimate t h e  accuracy 

of a l l  s i x  parameters of t h e  o r b i t  of an a r t i f i c i a l  Mars s a t e l l i t e ,  s i n c e  t o  

a given measured funct ion $Pc - x t h e r e  corresponds a family of o r b i t s  obtained 

by a r o t a t i o n  about t h e  x a x i s .  Mathematically, t h i s  indeterminacy implies  

t h a t  f o r  isochronous d e r i v a t i v e s  taken with respec t  t o  t h e  angular  parameters 

t h e r e  e x i s t s  a l i n e a r  r e l a t i o n s h i p  which i n  t h i s  case can be w r i t t e n  as: 
/60 

The Condition (3.9) implies  t h a t  de& 7-0. Therefore,  t o  estimate t h e  

accuracy of t h e  s i x  parameters of t h e  a r t i f i c i a l  Mars s a t e l l i t e  o r b i t  using a 

s h o r t  measurement i n t e r v a l ,  w e  must have another  set of measurements o r  a 

measurement of wi th  t h e  a p r i o r i  information about one of t h e  angular  

parameters.  

The o r b i t  of an a r t i f i c i a l  Mars s a t e l l i t e  using only t h e  measurements of 

can only b e  determined w i t h i n  a r e l a t i v e l y  long measurement i n t e r v a l  when 

a displacement of t h e  l i n e  of s i g h t  makes i t  p o s s i b l e  t o  f i x  t h e  s p a t i a l  

o r i e n t a t i o n  of t h e  o r b i t .  

Suppose t h a t  ag 
measurements ( t h e  var iance  2~ i s  minimized) is t o  b e  determined i n  t h e  

following two problems: 1) t h e  optimum program of measurements of is found 

wi th  f i v e  determinable parameters 9- {zr, a; C,L,Q> i j ;  2 )  t h e  optimum 

program is found with s i x  determinable parameters Q= 
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with  

optimum programs of measurements co inc ide  i n  t h e s e  two problems. 

a p r i o r i  information about t h e  parameter 2 . It is easy t o  see t h a t  t h e  

I n  f a c t ,  denoting t h e  Matrices (2 .2 )  f o r  t h e s e  two cases by and J', /61 
w e  obta in  4 = 4' , < ~ d ' ,  d,,=G', 4-l$', L / / - . D  consider ing ( 2 . 3 ) .  

This proves t h e  above a s s e r t i o n .  

Now l e t  us consider  t h e  o r b i t s  of an a r t i f i c i a l  Mars sa te l l i t e  whose para- 

meters can only poorly b e  determined when measuring 5. 
w i l l  p r imar i ly  be o r b i t s  t h a t  l i e  i n  t h e  coordinate  planes:  

For R, - 0 t h e s e  

(3 .10 )  

For t h e  f i r s t  group of o r b i t s  yo,? w e  have, according t o  ( 3 . 6 ) :  

&lt/= &d&.= h@L,&$ v&)>O (within t h e  i n t e r v a l  of measurement , where 

50 ). This i s  t h e  most unfavorable case ( t h e  p lane  of t h e  o r b i t  i s  per- 

pendicular  t o  t h e  d i r e c t i o n  toward t h e  Earth) ,  and t h e  o r b i t  i s  p r a c t i c a l l y  

undeterminable. 

For Group 111 w e  have: .!..,(&-)= 0 
meaning. 

For o r b i t s  l y i n g  i n  t h e  plane -Xoz ,  w e  have L,(t/a bs(dsU . 
f o r  isru; t h e  parameter 9 l o s e s  i t s  

For ag # Q  t h e r e  is only one s i n g u l a r  case: these are o r b i t s  w h i c h  l i e  

i n  t h e  p lane  . Y 
Below we g ive  t h e  r e s u l t s  of c a l c u l a t i o n s ,  given f o r  two important cases: 

oc=o- ( m = 5 )  and&'&+&( ). 
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... 

L e t  n = = O .  W e  s h a l l  g ive  t h e  r e s u l t s  of c a l c u l a t i o n s  f o r  t h e  optimum 

program of measurements 5 ( t h e  var iance  of 

parameters: q, Q, p, d, . The parameter 2 i s  considered known. 

2, is  being minimized) f o r  t h e  f i v e  . 

I n  t h i s  problem, t h e  majori ty  of t h e  i n t e g r a l s  appearing i n  t h e  mat r ix  J 

i n  (2.2)  may b e  taken i n  a closed form; only t h r e e  i n t e g r a l s  i n  t h e  matr ix  

are n o t  e x p r e s s i b l e  as quadratures .  An approximate eva lua t ion  of t h e s e  i n t e -  

g r a l s  may be done using Gauss' method [13]. 

The following values  w e r e  used f o r  t h e  parameters of t h e  o r b i t  of an 

a r t i f i c i a l  Mars satel l i te :  z - =  4944.34 km, a = ~ 5 , r O  km ( t h e  per iod of 

revolu t ion  of an a r t i f i c i a l  Mars s a t e l l i t e  i s  T= 22"- DUD 

9 =N*, L'= 459 ~60'. I n  a d d i t i o n ,  w e  took: p = 42850 km /sec . 
), i?"= 0 

3 2  

The al lowable i n t e r v a l  of measurements w a s  taken t o  b e  [D, 71. 

The v a r i a t i o n a l  problem i n  t h i s  case becomes nonsingular ;  i t s  s o l u t i o n  

w a s  c w a s  obtained by t h e  method presented i n  Sect ion 4 , I I  ( t h e  va lue  of - c, 
var ied) .  

W e  s h a l l  b r i e f l y  consider  t h e  process  of convergence t o  t h e  s o l u t i o n  of 

t h e  System ( 2 . 4 )  f o r  F=b942 . (See Table I.) The i n i t i a l  approximation 

w a s  taken t o  b e  t h e  following: 4 - 4  - 4 = &  =e (r (t;/-r/,(&)] 

corresponds t o  ni'=6 and + 4)- i(278. Four measurement per iods  i n  t h e  

region of t h e  p e r i c e n t e r  correspond t o  t h i s  approximation: 

d=i?=O and two n e a r  t h e  poin t  t S= 

B 
q- (4- to/ @I &? 2 , which 

two n e a r  t h e  p o i n t  

The following s t e p  g ives  @rd-= $fq . 
and then +"'= 0 &f< 0 093 /64 

After  t h i s ,  i n  t h e  following s t e p  w e  o b t a i n e / J ) = 6 . 9 5 > , + k l .  To a 

cu t  i n  t h e  d i r e c t i o n  from t h e  poin t  3 = 2  t o  t h e  p o i n t  3=3 t h e r e  correspond 

s i n g u l a r  p o i n t s  whose &-neighborhoods r e s u l t  i n  an i n c r e a s e  of t h e  func t iona l .  
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TABLE I. THE CHARACTERISTIC VALUES IN SOLVING THE 
SYSTEM OF TRANSCENDENTAL EQUATIONS 

3.2.10'1 
2.9. 

-- 

- 
5 - 
0 

I 
2' 
3+. 
4# 

5' 

? *  

8' 

99 

IO* 
I f  

6* 

I4* 

_c 

4 
0.00000 

0. IM52 

OoI8030 
0. a43 
0.20143 
0.21559 

0. mr7 
0.2I477 

0. 2Io64 
O e 2 I 0 8 6  

0.21081 

0.21081 

0.210808 

0.21ma3 

-4 
- 

0.00000 

0.62588 

0.66014 

0.80246 

0.73352 
0*786!+2 

0.75m 
0.78351 

Oo76873 

0.76951 

0.76937 

0.76935 

0.769356 

0.0oooo 
0.236% 

0.26956 
0.40035 

0.37489 

0.39852 

0.38545 
0.3% 05 

0.39202 
0.39241 

0.39242- 

0.39241 

0.392411 

-4 - fD2 

0.000000 
0,06702 

0.07893 

0.11475 
0.10701 

0. I1334 

0.10950 

0.11323 
0.11144 

0.11155 

0,11155 

0.11155 

0.112550 

-4  steps: 

0.769356 0.392411 0.111550 A L L  

- 
0 - 
6 
7 

8 

11 
9 

I1 
I1 
X I  
I1 
I1 

11 
I1 
I1 

1.278 
0.023 

0.037 
0.035 

0.on 
5.6. IO'3 

5.9.10~~ 

$, 4.104 

7.0. IO* 

7. I. 
5.4. IO-' 

Because of t h i s ,  t h e  poin t  3-3 is thrown away, and then w e  consider  a c u t  

from t h e  poin t  3 r d  t o  3-2 , according t o  t h e  algori thm descr ibed i n  
Section 4,II. To make t h i s  clearer, t h e  cu t  i s  shown i n  Figure 1. 
the p o i n t  Z= 0 corresponds t o  c i 5 ~ = ~ 0 9 3  , t h e  poin t  2s 

&@I= &&I./. 
i s  nonconvex and belongs t o  t h e  t h r e e  hypersurfaces  f o r  which D = 7,8,9 . 
s i n g u l a r  p o i n t s  are denoted by Z i ,  z2. 

In  i t ,  

corresponds t o  
It can b e  seen t h a t  t h e  l i n e  of c u t  of t h e  d e s i r e d  hypersurface 

The 
Furthermore, according t o  t h e  
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Figure 1. The c u t  of t h e  hypersurface +&, v3, v4, 21,/ 
i n  t h e  d i r e c t i o n  of descent from t h e  p o i n t  (Table 1). 

algori thm presented,we s tudy  

2, - & , 2, + E ,  
mation. 

f o r  which n= 8, l e a d  i n  t h e  following s t e p  t o  a decrease of t h e  f u n c t i o n a l ,  

and t h e  poin t  zz-E gives  t h e  g r e a t e s t  decrease of t h e  func t iona l .  This 

po in t  was taken as t h e  new i n i t i a l  approximation ( t h e  s t e p  3 = . ~ *  ) , which 

l e a d s  t o  a s o l u t i o n  of  t h e  problem f o r  32 /+ *.  
3 =2* t h e  f u n c t i o n a l  becomes smal le r  with every s t e p ,  and as  a r e s u l t ,  t h e  

computation w a s  continued according t o  t h e  above scheme involving a modified 

method of s t e e p e s t  descent .  z/+e l e a d s  t o  t h e  s a m e  extremum 

s o l u t i o n ,  except t h a t  t h e  process  of convergence h e r e  i s  considerably slower. 

t h e  process of convergence of four  poin ts :  

Z, -&, &+&,&d , taken consecut ively as t h e  second approxi- 

Only t h e  p o i n t s  Z, + E  and Z -  - E  which belong t o  one hypersurface 

Thus, a f t e r  t h e  poin t  

The poin t  
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Figure la .  The v a r i a t i o n  of t h e  measurement per iods  (cross- 
hatched regions)  i n  so lv ing  systems of t ranscendenta l  
equat ions (S-N s t e p ;  see a l s o  Table I ) .  

Table I reproduces t h e  s o l u t i o n  process  f o r  t h e  p o i n t  r'--€. I n  t h e  /67 .- 
14th s t e p  w e  encounter a d i f f e r e n c e  between 4 and '6 
seventh s i g n i f i c a n t  d i g i t s  which corresponds t o  t h e  accuracy wi th  which t h i s  

problem is solved. It w i l l  b e  noted t h a t  t h e  following e r r o r s  w e r e  assumed: 

( j = 2,3,4,5) i n  t h e  

&,=IOe2 sec ( the  e r r o r  involved i n  c a l c u l a t i n g  the t i m e  of d i r e c t i o n  

change) 
E& -10-1 sec ( t h e  e r r o r  involved i n  s a t i s f y i n g  t h e  i n t e g r a l  r e s t r i c t i o n ) .  

The v a r i a t i o n  of measurement per iods  i n  so lv ing  t h e  problem under cons idera t ion  

i s  shown i n  Figure la. 

S i x  per iods  correspond t o  t h e  extremum s o l u t i o n ,  of which only one lies 

i n  t h e  region of t h e  apocenter (its length  is N f0'"). This  i n t e r v a l ,  as 

51 



w a s  found, occurs i n  the s o l u t i o n  only i n  t h e  case when the parameter c' is  

be ing  determined. I n  f a c t ,  t h e  optimum programs of measurements f o r  t h e  s a m e  

va lue  of c, f o r  m = 2,3,4 do n o t  have t h e  measurement i n t e r v a l  i n  t h e  apo- 

center .  All these programs are c l o s e  t o  each o t h e r ,  and conta in  measurement 

i n t e r v a l s  only i n  t h e  v i c i n i t y  of t h e  p e r i c e n t e r .  

C, 

Here and below t h e  va lues  of A 4 = 4=2,3>.- m) are given f o r  

measurements/sec (one measurement per  10 s e c ) .  / c, = - YO d =  / m / s e c  and 

Figure 2 g ives  t h e  optimum measurement per iods  5 f o r  var ious  values  of 

G (dZ7  is everywhere minimized). The o r b i t  of an a r t i f i c i a l  Mars s a t e l l i t e  c* 
is given t o  s c a l e  ( t h e  f i g u r e  i s  plaTar) .  

sphere of rad ius  3400 km. 

The p l a n e t  Mars i s  taken t o  b e  a 

The measurement per iods  (cross-hatched regions)  are given wi th  respec t  t o  

t h e  t r u e  anomaly (on t h e  o r b i t s ) ,  and with respec t  t o  t h e  t i m e  ( spec t ra )  f o r  

t h e  values 2 = r: 2'') 4 '> j2' . It can be seen i n  Figure 2 t h a t  an i n c r e a s e  

leads t o  t h e  maximum widening of t h e  measurement i n t e r v a l  i n  t h e  region c, i n  - CO 
of t h e  apocenter. 

f o r  + = Q h  it is -jf*.59; f o r L = Q b  , it  i s  - 7A.8+. 
w e  have only f i v e  measurement i n t e r v a l s  corresponding t o  t h e  region of t h e  

p e r i c e n t e r  of an a r t i f i c i a l  Mars sa te l l i t e .  A lowering of - co t o  20- has 

shohn t h a t  t h e s e  per iods  have a tendency t o  converge t o  f i v e  poin ts .  

This r e s u l t  agrees  wi th  t h e  theorem of Elving-Yershov, s i n c e  here  m=5 . 
However, an i n c r e a s e  i n  

optimum measurement per iods . )  

a r e s t r i c t i o n  on t h e  d e n s i t y  o f  measurements when i t  becomes inconvenient t o  

i n c r e a s e  t h e  dura t ion  of t h e  per iods  ( -points)  corresponding t o  t h e  theorem 

of Elving-Yershov. 

t h e  apocenter.  For s-h5h t h e  length  of t h e  i n t e r v a l  i n  t h e  region of t h e  

apocenter w i l l  coincide with thc cumulative dura t ion  o f  a l l  i n t e r v a l s  i n  the 

p e r i c e n t e r .  

/69 - 
Thus, f o r  $ = L A  t h e  length  of  t h i s  i n t e r v a l  is 03y7' ; 

F o r & =  / h  
=* co 

C, 

implies  t h a t  K o = 6  . ( K' is  t h e  nunber of C* 
This circumstance i s  r e l a t e d  t o  t h e  presence of 

It is more e f f e c t i v e  t o  make measurements i n  t h e  region of 

c o  
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Figure 2 .  The optimum measurement per iods of during one 
revolu t ion  of an a r t i f i c i a l  Mars s a t e l l i t e  (m = 5).  The 
measurement per iods  are p l o t t e d  aga ins t  t h e  t i m e  ( s p e c t r a ) ,  
and a g a i n s t  t h e  t r u e  anomaly (on t h e  o r b i t s ) .  
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TABLE 11. AN EXTREMUM SOLUTION I N  T H E  SEGMENT (47''' 
( Uo/ t )=Co  I N  THE INTERVALS f f z e ,  d~f-,] &(z ,...KO ; I N  THE 

REMAINING INTERVATS [6',7"- U ';/c/= a) AND THE CORRESPONDING 

CHARACTERISTIC VALUES ('fig=4 m=5) . 

I8 3 
63 
0.25 
0.41 
I. I7 

T ==rh 
5; 9 

0.19871 
0,73457 
0.33372 
0.10812 

0.000 
0.044 

0.208 

0.W 

1.078 

1.429 
22.862 
23.182 

- 

23743 
23.892 

133 

37 

0. I6 
0.23 
0.6% 

- 4 7  T 
f2 

6; I1 

0.20959 
0.76447 
0.38913 
0.1IW 

A 2: 
A Q(h) 

d d l  

A i? ( sec )  

A i '  

O.OO0 
0.055 
0. I78 
0.410 
0.983 

1.- 
13.428 
I3 600 
22.636 
23.254 
23.6382 

23.920 

SI0 
95 
0.39 
0.64 
1-78 

I I .  .~. _ _  

6; I1 

0. I8211 
0.65695 
0.31651 
0.09038 

0.000 
0.025 
0. I27 
0.431 
0.904 
1.807 
12.529 
14. I20 
22.4% 
23.318 
23.659 

23-97 2 

2A 

I. 0.10'12 
-. _ _  

235 
77 
0.31 
0.52 
1.46 

~ 

-- F- /2h 
-. __ 
5; 8 

0.11199 
0.39762 
0, I5849 
0.03944 

0.000 

0.485 
0.721 
2.444 
8.971 
16.779 
2I.848 

23.@5 
23.613 
24.000 

. 1 

. __ . 
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For & =  / 2 h  t h e  i n t e r v a l  i n  the region of t h e  apocenter  is t h e  
=0 

longes t  . 
The numerical  va lues  of t h e  c h a r a c t e r i s t i c  magnitudes i n  t h i s  problem are 

l i s t e d  i n  Table 11. 

An estimate of accuracy f o r  s ix  parameters of t h e  o r b i t  of an a r t i f i c i a l  

Mars s a t e l l i t e  f o r  measuring t h e  r a d i a l  v e l o c i t y  i s  p o s s i b l e  only when consi- 

der ing displacements of t h e  l i n e  of s i g h t .  

Thus, l e t  Rg#D . W e  s h a l l  take = 10-7 r a d s / s e c  - 0.5 deg. , mean 

t i m e  ( AZx is  minimized). 

I f  one so lves  t h e  problem f o r  t h e  i n t e r v a l  [O, 7 1  , by v i r t u e  of t h e  

smallness of fig t h e  mat r ix  3‘ w i l l  have a weak b a s i s .  

L e t  us consider  t h e  i n t e r v a l  [O. 27’ and Q- [zr, Q--,LN)+‘,L;~] (numerical 

values of t h e  parameters w e r e  given i n  Sect ion 3 ) .  

Within t h i s  i n t e r v a l ,  one can obta in  t h e  s o l u t i o n  of t h e  extremum pro- 

blem i n  quest ion.  

s i g h t  i n  t h i s  measuEement i n t e r v a l  amounts t o  one degree. 

It w i l l  be  noted t h a t  t h e  maximum devia t ion  of t h e  l i n e  of 

A determination of t h e  optimum measurement program w i t h i n  t h e  i n t e r v a l  

[O’zZT] w i l l  b e  s t a b l e .  

Figure 3, i n  Table 3, 4 .  

Some r e s u l t s  of t h e s e  c a l c u l a t i o n s  are given i n  

I n  Figure 3 t h e  measurement per iods  are p l o t t e d  a g a i n s t  t h e  t r u e  anomaly 

by means of s o l i d - l i n e  segments on two branches of a t w i s t i n g  s p i r a l  (the 

arrow shows t h e  d i r e c t i o n  of motion of an a r t i f i c i a l  Mars sa te l l i t e ) ,  and 

a g a i n s t  t h e  t i m e i n  t h e  form of s p e c t r a .  

a r t i f i c i a l  l iars s a t e l l i t e  i s  p l a n a r  ( t h e  diagram i s  t o  s c a l e ) .  

The diagram of t h e  o r b i t  of an 
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Figure 3. Optimum measurement per iods of D f o r  two revolu t ions  of an a r t i f i c i a l  Mars 
sa t e l l i t e  (ms6). 
of a tw i s t ing  s p i r a l  (with r e spec t  t o  t h e  t r u e  anomaly), and i n  t h e  form of  s p e c t r a  (with 
respec t  t o  t h e  t i m e ) .  

Measurement per iods are shown wi th  s o l i d - l i n e  segments on two branches 



The extremum s o l u t i o n  i n  t h e  i n t e r v a l  [Q,ZT'] conta ins  from s i x  t o  n i n e  
c 

optimum measurement per iods  depending on C, . 

For -*.- 0 w e  have s ix  p o i n t s  ( t h i s  r e s u l t  agrees  with t h e  theorem 

of Elving-Yershov). All t h e s e  p o i n t s  correspond t o  t h e  region of t h e  p e r i -  /74 
c e n t e r  of an a r t i f i c i a l  Mars satel l i te ,  where two p o i n t s  l i e  a t  t h e  o r i g i n  

( * = r = D ) ,  t h r e e  l i e  n e a r  t h e  t i m e  t= 7 , and one a t  t h e  t i m e  i!=2T. 
t h i s  case, t h e  d i s t r i b u t i o n  of measurements is extremely nonuniform. AS an 

c, #$ 

example, l e t  us consider  t h e  case C = A 5  . 
f=r=0 ) have a t o t a l  l ength  of about 1 5 ~ .  The succeeding t h r e e  per iods 

(near t = 7) have a t o t a l  l ength  u r A y h  , and f i n a l l y ,  t h e  per iod  which ends 

a t  f -.2 has t h e  length  of only 6 m .  The las t  measurement per iod has  a 

s h o r t  dura t ion  as compared with t h e  remaining f i v e  per iods .  

I n  

The f i r s t  two per iods  ( t h e  region 

For a l l  values  of * t h e  number of measurements during t h e  f i r s t  revo- 
c, C/ 

l u t i o n  i s  g r e a t e r  than during t h e  second one. Thus, f o r  - =f45 S' 4hi 6'; C, 
7'. 3 ; & ; 2 h h  , r e s p e c t i v e l y ,  t h e  t o t a l  measurement i n t e r v a l  during t h e  

f i r s t  revolu t ion  of an a r t i f i c i a l  Mars sa te l l i t e  exceeds t h a t  during t h e  

second revolut ion:  oh/&; & 30; ot 14; Ol?. 08 ; 25 yo; Sh. 26 . 

The fundamental evolu t ion  of t h e  extremum s o l u t i o n  from t h e  l i m i t i n g  

value of t h e  extremum s o l u t i o n  corresponding t o  t h e  parameter 2 - 
c l e a r l y  apparent.  

i s  

c, 
C, Thus, f o r  -= zJh t h e  optimum measurement per iods  of g r e a t e s t  l e n g t h  

correspond t o  t h e  region of t h e  'apocenter of t h e  f i r s t  and second revolu t ions  

of an a r t i f i c i a l  Mars satel l i te ;  t h e  t o t a l  number of per iods  i s  equal  t o  nine.  

A decrease i n  - c' r e s u l t s  a t  f i r s t  only i n  a considerable  shortening of t h e s e  

i n t e r v a l s  (they la te r  vanish) .  For - = 7 . 3 the number of t h e  extremum 

per iods  i s  equal  t o  e i g h t ,  and t h e i r  number during t h e  f i r s t  revolu t ion  i s  

C/ Q 
C* 

ce 

g r e a t e r  ( f o r  t h i s  va lue  of 2 t h e  i n t e r v a l  near  t h e  apocenter during t h e  

f i r s t  revolu t ion  of an a r t i f i c i a l  Mars s a t e l l i t e  i s  important) .  A f u r t h e r  

decrease i n  -L implies  t h a t  t h e r e  only remain the optimum measurement per iods  C 
e* 
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TABLE 111. THE EXTREMUM SOLUTION WITHIN THE INTERVAL f 0.2 T](%#q m=g) . - 

THE OPTIMUM CONTROL Y’/t /  = C, I N  THE SEGMENTS [fZf , f2e- , ]  
( es <z, .. . K * 1 AND uD(til-0 I N  THE REMAINING INTERVALS [ 0.2 73 

i(hours) 
\ 

j = /  
2 
3 
9 
5 

‘ 6  
7 
8 
9 
!U 
I{ 
/z -- - -  

i 3  
f+ 
i5 
f6 
/7 
18 

2; 

(KO= 6) 

0.W 
0. I17 
0.806 

0.932 
23.000 
23.504 

23.928 
24. I48 
24.722 
25. I53 

t5= 3 

47.863 
48.000 
- 
- 
- 
- 
- 

-- - 

2T kD= 2 
(It” 7) 
.. . ~ 

0.000 
0.222 
0.631 
1.158 
22.395 
23.637 
23.845 
24.283 
24.619 _ _  
25.846 
47.246 
47.3% 
47.777 
48.000 

- 
- 
- 
- 
.. - 

.- 

7bG? 
(K” 8) 

0.000 

0.294 
0.491 

~- 

1.488 
8.087 
8.154 
21.575 
23.693 
23.797 
24.366 
24.529 
27.005 
47.023 
47.484 
47.E88 
48.000 
- 
- 

_. 

-_  . 

2!0= y 27 

(K*--9) 

0.000 
0.341 
0.514 
1,732 
7.839 
10.897 
21.483 
23.686 
23.774 
24.379 
24.520 
27.211 
41,829 
42.679 
46.803 
47.m 
47*67I 

48 ,L 30 
. . .  

2 4 b  = T 

(P= 9) 
. . . .  

0.000 
0.37 
0.510 
2.062 
5.864 
14.725 
21.104 
23.661 
23.729 
24.414 
24.520 
8.521 
37.800 
43.272 
46.407 
47.537 
47.545 
MI . 000 
. . .  
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i n  t h e  region of t h e  p e r i c e n t e r  of an a r t i f i c i a l  Mars satel l i te .  There a r e  

G- 

/76 
seven of them wi th in  b , Z T J  ( f o r  example, f o r  C, = 4 
c' = j4. 5 w e  have only s ix  measurement per iods.  

) . F i n a l l y ,  f o r  

The most s t a b l e  wi th  respec t  t o  a change of t h e  parameter c, w e r e  those  co 
measurement per iods  which inc lude  t h e  moment of passage through t h e  p e r i c e n t e r  

(using t h e  t i m e  scale, t h e s e  w i l l  b e  t h e  t h r e e  points :  &c=O; t-7; 
f-27). Thus, f o r  &=2* t h e  dura t ion  of t h e s e  per iods i s  equal  t o  U ? f z  

, 05f3 (t=zv, , and f o r  5 = 24h w e  have 

oh39 I 0378 , b h 3 5  , respec t ive ly .  ( I t  should b e  noted t h a t  f o r  

g=244 
Co 
remaining s i x ,  see Figure 3 . )  

periods i n  quest ion decrease i n  length  by less than a f a c t o r  of t h r e e ,  whereas 

t h e  remaining per iods  e i t h e r  genera l ly  disappear  o r  decrease by a g r e a t e r  

f a c t o r .  

co 
&-=r=o), on243 (t=r} c* 

these  t h r e e  per iods  have minimum lengths  as compared with t h e  

Thus, when 2 i s  made 12 t i m e s  s m a l l e r ,  t h e  
0 

This  example shows t h e  considerable  d i f f e r e n c e  which may t a k e  p l a c e  

between so lv ing  a problem wi th  a r e s t r i c t i o n  on t h e  rate of measurements and 

so lv ing  a problem without t h i s  r e s t r i c t i o n  ( t h e  theorem of Elfving-Yershov). 

Now i t  i s  necessary t o  t a l k  about t h e  change A &" ( j -  = I,2 ... 6 ) .  The 
C, q u a n t i t y  dzx v a r i e s  l i t t l e  from 

c' equal  t o  //?5 and 2qh. 0 , w e  have meter. Thus, f o r  t h e  parameter 

d z r  equal  t o  153 m and 90 m, respec t ive ly .  

e r r o r s  i n  t h e  angular  parameters f-? i , K)7 

respec t ive ly .  The e r r o r  i n  i n  t h i s  case decreases  by a f a c t o r  of 4 ,  and 

t h e  e r r o r  i n  t h e  per iod  decreases  more than t h r e e  t i m e s .  

i n  t h e  case of t h e  c h a r a c t e r i s t i c  para- 

c Cf 
For t h e  s a m e  va lues  of t h e  

are 2d, ut, S' and I2', IO', /78 

The s o l u t i o n  of t h e  problem i n  t h i s  case ( ng +o ) w a s  obtained by descent  

wi th  r e s p e c t  t o  t h e  parameter 9 .  
using t h e  algori thm presented above f o r  5 = /25 0 . 
w a s  taken as: J'"/= ~~~~- 

I n i t i a l l y ,  a n  extremum s o l u t i o n  w a s  found 
0 

The i n i t i a l  approximation c* = g'= 0 . 
2 3 - - *  
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TABLE I V .  THE CHARACTERISTIC VALUES CORRESPONDING TO THE EXTREMUM 

SOLUTION WITHIN THE INTERVAL ~ O , Z T ]  (SEE TABLE 1111 

2-41? 0 
1_- 

0,67653 

0.€6287 

0.45555 
0.79595 
0.641‘33 
3. I0’I6 

30 

I7 
0.12 
7.0 

12.3 
9.9 

.-_ - 

The values  of AQj  , (j=<z, ... 6) w e r e  obtained wi th  AB(=&)= / 
m / s e c ,  C, = measurements/sec. m 

I__ 

rA 5 
~~ 

0.136 
3,302 
0. I356 
0.2597 
Oe2CO3 

3. IO-” 

I53 
58 
0.47 
25. I 
44. I 
35-5 

.. . .-. 

4!Q 
~ - _.-__ .- 

0 . 9 m  

1.9635 
0.5C802 
0.90625 
0.7221 
10-11 
-- 

I10 
30 
0.20 
I5,5 

27.2 
21.8 

. . -  

7 h  3 

I. 3367 
0.23780 
0.7 I953 
1.2’755 
1.0201 

8 . IO-I4 
-. . - -...- - 

IO1 
22 
0. I4 
11.2 
19.7 
15.8 

&o 
-- 

Oe76+3’ 

2.764U 
0.5744: 
1.0152: 
0.8IW 
i. 10-14 

93 

a 
0. I3 
9.0 
5.8 
2.7 

The extremum s o l u t i o n  obtained was used t o  obta in  t h e  s o l u t i o n  f o r  
C smaller values  of 

(However, a l s o  h e r e  i t  was necessary t o  c u t  t h e  hypersurfaces  along t h e  

d i r e c t i o n  of descent  toward t h e  minimum of t h e  f u n c t i o n a l ) .  

by means of a descent wi th  respec t  t o  t h e  parameter a. ce 

Such a modif icat ion w a s  used here ,  s i n c e  an a r b i t r a r y  i n i t i a l  approxima- 

t i o n  f o r  s m a l l  values  of 

example, i f  t o  t h e  i n i t i a l  approximation t h e r e  correspond two measurement 

per iods  during t h e  f i r s t  revolu t ion  of an a r t i f i c i a l  Mars sa te l l i t e .  

may r e s u l t  i n  an uns tab le  mat r ix  B - f o r  

60 



It must b e  noted t h a t ,  when t h e  parameter - becomes l a r g e r ,  t h e  B 
matrix becomes more s t a b l e .  This  is ,  i n  p a r t i c u l a r ,  i n d i c a t e d  by t h e  f a c t  

t h a t  i n  t h e  case of t h e  extremum s o l u t i o n  t h e  quant i ty  (2.5) changes from 

c,. i n c r e a s e s  from 1 .5 t o  24 .O.  t o  when 

=o 

h h The s t a b i l i t y  of t h e  

matrix B i s  h e r e  very important,  s i n c e  the s t a b i l i t y  of t h e  e n t i r e  s o l u t i o n  

process  depends on it by v i r t u e  of t h e  f a c t  t h a t  during .each s t e p  t h e  i n v e r s e  

of t h e  matrix must b e  found. 

c- 

To i n c r e a s e  t h e  s t a b i l i t y  of t h e  computation i n  t h i s  problem, t h e  elements /79 
of t h e  matrix w e r e  obtained using i n t e g r a t i o n  by means of t h e  Gauss method 

[13]. The p o i n t s  where a change of d i r e c t i o n  took p l a c e  were determined i n  each 

s t e p w i t h  an accuracy t o  wi th in  0 .1  - 0.01 seconds. 

The c a l c u l a t i o n s  t h a t  w e r e  performed have shown t h a t  t h e  proposed 

algori thm f o r  f ind ing  t h e  optimum program of measurements i s  h ighly  e f f i c i e n t .  

I n  conclusion, t h e  author  wishes t o  t a k e  advantage of t h i s  opportuni ty  

and express  h i s  deep apprec ia t ion  t o  T.  M. Eneyev f o r  having formulated t h e  

problem, h i s  constant  a t t e n t i o n  given t o  t h i s  work, and a g r e a t  d e a l  of 

he lp  obtained from him. 
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